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§1. Introduction and Statement of Results 

1.1. Let P(r, n) be the space of ordered n-tuples of linear hyperplanes in P''^-'^. 
Let P°(r, n) C P(r, n) be the open subset which are in hnear general position. 
PGLj. acts freely on P°(r, n), let X{r,n) be the quotient. X{2,n) is usually 
denoted Mo,n- It has a compactification Mo,n C Mo,nj due to Grothendieck 
and Knudsen, with many remarkable properties: 

1.2. Properties of Mo,n c Mo,n- 

(1.2.1) Mo,n has a natural moduli interpretation, namely it is the moduli 
space of stable n-pointed rational curves. 

(1.2.2) Given power series fi{z), . . . ,/n(-z) which we think of as a one pa- 
rameter family in Mo,n one can ask: What is the limiting stable 
n-pointed rational curve in Mo,n as z ^ 7 There is a beautiful 
answer, due to Kapranov [Kal], in terms of the Tits tree for PGL2. 

(1.2.3) Mo^n C Mo,n has a natural Mori theoretic meaning, namely it is the 
log canonical model, [KM]. In particular the pair {Mo^njdMo^n) has 
log canonical singularities (a natural generalisation of toroidal). 

In fact in (1.2.3) the pair has normal crossing, but we write the weaker 
form as this is what there is a chance to generalize. It is natural to wonder 

1.3. Question. Is there a compactification X{r,n) C X{r,n) which satisfied 
any or all of the properties of (1.2)? 

1.4. Chow quotients of Grassmannians. There is an identification 

X{r,n) = G°{r,n)/H, 

the so called Gelfand-Macpherson correspondence (3.3), where G{r,n) is 
the Grassmannian of r-planes in A*^, H = is the standard diagonal 
torus and G^{r,n) C G{r,n) is the open subset of r-planes which project 
isomorphically onto for any subset I C N with cardinality |/| = r, where 
N = {1, . . . ,n}. In [Ka], Kapranov has introduced a natural compactifica- 
tion, the so called Chow quotient 

X{r,n) = G^{r,n)/H C G{r,n)//H ■.= X{r,n). 

See (2.2) for a review of Chow quotients. Here we note only that Kapranov 
defined a natural fiat family 

(1.4.1) p: {S,B)^X{r,n) 

of pairs of schemes with boundary, his so-called family of visible contours, 
generalising the universal family over Mo,n) and Lafforgue in [La] gave a 
precise description of the fibres {S,B), showing in particular each pair has 
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toroidal singularities (throughout the paper B will always indicate a bound- 
ary, i.e. a Weil divisor, on a space clear from context). 

X{r, n) satisfies the first two properties of (1.2), but the third fails except 
possibly in the exceptional cases (2,n), (3,6), (3,7), (3,8) (and those ob- 
tained from these by a canonical duality). We conjecture that in these cases 
the Chow quotient is indeed the log canonical model, and speculate a rela- 
tionship to the exceptional root systems, see (1.14). Let X{r,n) — >■ X{r,n) 
be the normalization. In (2.11), we follow Lafforgue and introduce the third 
modification Xi,{r,n) that sits between X{r,n) and X{r,n) (we distinguish 
between these spaces in the interests of precision, in fact the minor differ- 
ences will be for our purposes unimportant). 

1.5. Moduli interpretation as in (1.2.1). X(r, n) is a natural mod- 
uli space of semi log canonical pairs (the natural higher dimensional Mori 
theoretic generalisation of stable pointed curves). This is a recent result 
of Hacking, [Ha]. We observed the same result independently. Our proof, 
which is based on [La], will appear elsewhere. 

1.6. Realization via Tits buildings as in (1.2.2). Let R = k[[z\] and K 
its quotient field. Throughout the paper A; is a fixed algebraically closed field. 
V = ¥' and Vt = V for a fc-algebra T. We write V for projective spaces 
of quotients (or equivalently, hyperplanes) , P for spaces of lines. Begin with 
a collection 

(1.6.1) J'-={h.:...,fn](lVK 

any r of which are linearly independent, and thus give a i^'-point of X{r, n). 
We think of J- as the equations of n 1-parameter families in P*""^. Following 
[Kal] (where the case r = 2 is treated) we ask: 

1.7. Question. What is the limit as z — >■ 0, i.e. in the puUback of the family 
(1.4.1) along the associated R-point of X{r,n), what is the special fibre? 

We give a canonical solution, in terms of the Tits building B. Here is a 
quick version, further details are given at the end of this introduction, see 
(1.21). Proofs and further related results are given in §4-§6. Recall B is 
the set of equivalence classes of i?-lattices in Vk (i.e. free i?-submodules 
of rank r) where M and N are equivalent if there exists c € K* such that 
M = cN. A subset Y C B is called convex if it is closed under i?-module 
sums, i.e. [Mi], [M2] G Y implies [Mi + M2] €Y. For Y C B we write [Y] 
for its convex hull, which is finite if Y is, see (4.11). 

For a lattice M, and a non-trivial subset Q C Vk (e.g. an i?-submodule 
or an element) we can find unique a > so that z^Q C M, z^Q ^ zM. We 
define 0^ := z"-@ C M. Let 6^ C M := M/zM denote the image of the 
composition 

CM ^ M/zM = M. 

We call [M] stable if J-^^ contains r + 1 elements in linear general position. 
Let Stab c [J-] be the set of stable classes. Stab is finite, see (5.22). 

1.8. Definition. For a finite Y C B, let Sy be the join of projective bundles 
V{M), [M] eY - i.e. fix one and take the closure of the graph of the product 
of the birational maps from this projective bundle to all the others. 
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Let Y C B he any finite convex subset containing Stab (for example take 
the convex hull Y = [Stab]). Let Bj C Sy be the closure of the hyperplane 

{fi = 0} C PiVK) C Sy 

on the generic fibre of p : Sy ^ Spec(i?). Let B = X^Bj, and Sy C Sy the 
special fibre. Let Vn be the standard ^-representation of Sn (i.e. elements 
in /c" whose coordinates sum to zero). 

1.9. Theorem. Sy, Bj are non-singular and the divisor Sy +B has normal 
crossings. The 1-forms dlog(/i//j) define globally generating sections of the 
vector bundle J7g^^(logB). The image of the associated map 

Sy ^ Spec(i?) X G(r - 1, n - 1) 

is S ^ Spec(i?), the pullback of the family (1.4.1) along the R-point of 
X{r, n) defined by T . In particular the relative log canonical bundle Kg^ +B 
is relatively globally generated and big, and Sy — > <S «s the relative minimal 
model, and crepant. 

1.10. Historical Remark: By [Mu, 2.2], if Y is convex then p : E>y —^ 
Spec(i?) is semi-stable, i.e. Sy is non-singular, and the closed fibre Sy has 
smooth irreducible components and normal crossings. Mustafin remarks af- 
ter the proof that the join probably represents some natural functor but he 
prefers the explicit join construction. This functor (see (5.3)) is introduced 
in Definition 4 of [Fa], and Faltings proves it represents the join. Faltings at- 
tributes the functorial description to Deligne, to whom Mustafin also refers. 
We will refer to Sy as the Deligne scheme, or Deligne functor. 

For the definition and basic properties of bundles of relative log differen- 
tials see §9. We note that the crepant semi-stable model (Sy,B) is in many 
ways preferable to its minimal model S Spec(i?). For example dropping 
the last hyperplane induces a natural regular birational map 

S[Stab(:F)] S[Stab(:F')] 

for J^' = J^\{fn}, but for r > 3 the associated rational map between minimal 
models is not in general regular. There are examples where regularity fails 
already with (r, n) = (3,5). 

The special fibres {Sy,B) and {S,B) can be canonically described in 
terms of the membrane [J-] C B. We turn to this in (1.21) below, but wish 
first to discuss (1.2.3): 

1.11. Log canonical model as in (1.2.3). Let M be a smooth variety 
over the complex numbers, and let M C M be a compactification, with 
normal crossing divisor ial boundary, B. The vector spaces 

H\M,^^{Bm 

turn out to depend only on M, and so give a canonical rational map, the so 
called m-plurilogcanonical map, to projective space. The finite generation 
conjecture of Mori theory implies that if for some m the map is an immersion, 
then for sufficiently large m, the closure of the image gives a compactification 
M C M independent of m, and with boundary, B having nice singularities, 
namely Kjj- + B is log canonical. We do not recall here the definition of log 
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canonical (see e.g. [KMM]) but note that one can think of it as a weakening 
of toroidal, the pair of a toric variety with its boundary being one example. 

The initial motivation for this paper was the elementary observation, 
(2.20), that X(r,n) is minimal of log general type (its first log canonical 
map is a regular immersion) and thus there is (conjecturally) a natural Mori 
theoretic compactification, the log canonical model. It is natural to wonder: 

1.12. Question. What is the log canonical model X{r,n) C Xic{r,n)? 

We believe this compactification is of compelling interest, as it gives a bi- 
rational model with reasonable boundary singularities of a compactification 
of X(r, n) whose boundary components meet in absolutely arbitrary ways. 
In particular, were X(3, n) the log canonical model, it would give something 
like a canonical resolution of all singularities, see (1.19). Unfortunately, the 
two compactifications do not in general agree: 

1.13. Theorem. X(3, n) with its boundary fails to be log canonical for n > 9 
(for n > 7 in characteristic 2). X{4, n) is not log canonical for n > 8. 

We prove (1.13) in §3. Moreover, (3.16) shows that in general the pair 
{X{3,n), B) has arbitrary singularities. We note (1.13) is at variance with 
the hope expressed in [Ha], and one that we ourselves for a long time har- 
bored, that the pair has toroidal singularities. Faltings and Lafforgue, [Fa], 
[Lai] expressed the same hope for their compactification of PGL" / PGL^ 
(which is itself a Chow quotient in a natural way) , but Lafforgue has shown 
this hope was false as well, [La, 3.28]. 

In the positive direction we speculate the two agree in the cases that 
remain: 

1.14. Conjecture. X{r,n) C X{r,n) is the log canonical model precisely 

in the cases 

(2,n), (3,6), (3,7), (3,8) 
and those obtained from these by the canonical duality [Ka, 2.3] 

X{r, n) = X{n — r, n). 

Moreover in these cases the pair {X{r,n),B) has toroidal singularities. 

The numbers in (1.14) are of course very suggestive and it is natural to 
wonder if there is a connection with the exceptional root systems 

Dn, Eq, Ej, Es- 

1.15. Equations and syzygies of Mo,„. The closure of X{2,n) in the 
first log canonical immersion is X{2,n) = Mo,n (in particular, (1.14) holds 
for X{2,n)) and the equations for the embedding are nice: 

1.16. Theorem. Let k := ^-^^ 

(B). Let 
N3C N4C ■■■ C Nn = N 
be a flag of subsets of N , with \Nj\ = j. There is a canonical identification 

n-l 

i?°(Mo,jv,a;(S)) = (g)y^. 

j=3 
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and over the complex numbers a canonical identification 

K is very ample, the embedding factors through the Segre embedding 

Mo,N C P(y^J X ¥{Vl) • • • X P(I^X-i) C nH'(Mo,N, k)^) 

and Mq^n is the scheme theoretic intersection of the Segre embeddings over 
flags of subsets, i.e. 

Mo,N = n ^C^iVa) X ml) X F{Vl_^) C FiH%Mo,N, k^)- 
N3CN4-CN 

n>0 

is surjective, and the kernel is generated by quadrics, and the syzygies among 
the quadrics are generated by linear syzygies. 

Above Vj^fi is the standard ^-representation of the symmetric group ■ 
The proof of (1.16) will appear elsewhere. (1.16) implies in particular that 
the compactification Mo,„ C Mo,n can be recovered in a canonical way 
from the system of Si modules (Mo,i , Z) together with the pullback 
maps between them (for the fibrations given by dropping points), i.e. can 
be recovered canonically from the Lie operad, see [Ge]. 

1.17. The Chow quotient of G(3, 6). We have proven (1.14) also for 
X{3,6). This space is very interesting. For example: There is a natural 
map X{r,n + 1) ^ X{r,n) given by dropping the last hyperplane. For 
X{2, n) it is well known that the map is flat, and canonically identified with 
the universal family (1.4.1). For X{3, 5) it is again flat (this fails for X{3, n), 
n > 6), and a natural universal family. However it is not the family (1.4.1), 
but rather LafForgue's analogous family (he defines such a family beginning 
with any configuration of hyperplanes, see §2) for the configuration of 10 
lines which is dual to the configuration of 5 general lines. There are 15 
irreducible components of the boundary B C X{3,6) which surject onto 
X{3, 5). If we let F be their union, then 

(X(3,6),r) ^Z(3,5) 

gives a flat family of pairs, compactifying the family of pairs {S, B) for S a 
del Pezzo surface of degree 4, and B a union of some of its —1 curves. A 
detailed study of X{3, 6), including proofs of all the claims of this paragraph, 
will appear elsewhere. 

1.18. Using results of [La] we give a cohomological criterion under which 
X{r, n) will be a log minimal model, see (2.21). This we expect will apply in 
the cases of (1.14). Note the statement M C M is the log canonical model 
has two, in general entirely independent, parts: First a singularity state- 
ment, {M,B) is log canonical (morally, toroidal), and second a positivity 
statement, Kj^+B is ample. However by (1.4.1) and (2.21) in the case of of 
X{r,n) C X{r,n) it turns out that whenever the first happens, the second 
comes for free. See (2.21) for the precise statement. 
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1.19. Mnev's UNIVERSALITY THEOREM. The boundary 

P(r,n) \P°(r,n) 

is a union of (^^) Weil divisors. The components have only mild singularities, 
however they meet in very complicated ways: Let Y be an affine scheme of 
finite type over Spec(Z). By [La, 1.8], there are integers n,m and an open 
subset 

U CY xA"^ 

such that the projection U ^ Y is surjective, and U is isomorphic to a 
boundary stratum of P(3, n) (a boundary stratum for a divisorial boundary 
means the locally closed subset of points which lie in each of a prescribed 
subset of the irreducible components, but no others). 

An analogous statement holds for the boundary of X{3,n), say in any 
of its smooth GIT quotient compactifications. Our (3.16) suggests the 
singularities of the pair (X(3,n),B) are also in general arbitrary scheme- 
theoretically. Now by (2.20) and the finite generation conjecture of Mori 
theory, X{3,n) C Xic{3,n) will give a canonical compactification in which 
the boundary has mild (i.e. log canonical) singularities. X{r,n) maps to 
all the GIT quotients. We do not know whether or not this will hold for 
Xic{3, n) - if it does Xic would give an absolutely canonical way of (partially) 
resolving a boundary whose strata include all possible singularities. 

Now wc return to the Tits building, to give a canonical description of 
special fibres. 

1.20. Definition. We define the membrane, [J^] C ;B to be classes of lattices 
which have a basis given by scalar multiples of some r elements from J^, or 
equivalently, such that the limits contain a basis of M. 

1.21. Special fibers. The building ;S is a simplicial complex of dimension 
r — 1: We say [M], [N] G B are incident if we can choose representatives so 

zM C N C M 

(the relation is easily seen to be symmetric). Points [Mi], . . . , [M„i] span an 
(m — l)-simplex iff they are pairwise incident, which holds iff we can choose 
representatives so 

zMm = Mo C Ml C • • • C Mm- 

By scaling we can put any of the Mj in the position of M^ but the cyclic 
ordering among them is intrinsic. 
Now take a convex subset 

Y c[J']cB 

(not necessarily finite). Canonically associated to each (m — l)-simplex 
a CY as above, is a smooth projective variety V{a), 

m>i>l 

where V^Mi/Mi^i) is a certain iterated blowup of the projective space of 
quotients V{Mi/Mi-i) along smooth centers. For precise details see (5.10), 
(5.16). There are canonical compatible closed embedding P{a) C V{j) 
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for simplicies 7 C ct C 1". Finally there is a canonical scheme Sy, with 
irreducible components 'P(M), [M] G Y, such that for a subset a C Y, the 
V{M), [M] € o" have common intersection iff o" is a simplex, and in that 
case the intersection is V{a), e.g. V{M) and V(N) for lattices [M], [A^] G F 
meet iff they span a 1-simplex, a, and in that case they are glued along the 
common smooth divisor V{a). In particular, Sy has smooth components 
and normal crossings. When Y is finite, Sy is the special fiber of Sy. It 
carries Cartier boundary divisors Bi C Sy for each i € N. These are 
described as follows: Bi has smooth irreducible components, and J2 
normal crossings. Bi has a component on V{M) C Sy, [M] G y iff the 
lattice [M + f^] G is not in Y . In this case the component is the 
strict transform of the hypersurface {ff^ = 0} C V{M). The limit variety 
{S, B) (i.e. the fibre of (<S, B) over the image of the closed point of R) is the 
+ B minimal model, see (1.24). 

1.22. Bubble space. For Y = [T], write Soo = Sy. For r = 2, is the 
scheme constructed in [Kal] - it is a tree of rational curves with countably 
many components such that each component intersects at least two others. 
Soo has no boundary, its canonical linear series \Ks^ \ is globally generated 
and the image of the associated map is again S. More precisely: 

1.23. Theorem. 5*00 has smooth projective components and normal cross- 
ings. It carries a natural vector bundle O^(log), with determinant cosoo- ^^r 
each finite convex subset 

Stab CY c[J^] 
there is a canonical regular surjection 

p: Soo Sy 

and a canonical isomorphism 

p*in\iogB))^n\\og). 

Given a closed point x G S^o there exists aY so that p is an isomorphism 
in a neighborhood of x. 

The differential forms dlog(f/g), f,g & J^, induce a canonical inclusion 

VnCH\Soo,n\log)). 

These sections generate the bundle. The associated map 

Soo^G{r-l,n-l) 
factors through Sy and the image is the limit variety S. 
The picture illustrates the case r = 2: 
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1.24. The limit variety (S, B) can also be canonically recovered from the 
membrane: For each [M] G [T]^ V{M) has a canonical normal crossing 
boundary, the union of the divisors Vi^) C V{M) over 1-simplicies 
[M] G a C [J^]. The rational differential forms dlog{f^/g^) on V{M) 
have log poles along B, and so define canonical sections of 0^(logi?). These 
sections generate the bundle. In particular their wedges generate Kp^s^+B. 

1.25. Definition. We call a configuration of hyperplanes GIT stable if its 
group of automorphisms is trivial. We call [M] E [T] GIT stable if the 
configuration of limiting hyperplanes J-^^ is GIT stable. Of course stable 
implies GIT stable. For r < 3 they are the same, see 8.9, but they are 
in general different. There are only finitely many GIT stable equivalence 
classes, see 8.5. [M] is GIT stable if and only if Kp^jj-^ + B is big. 

The irreducible components of S are the {KpQ^-^ + i?)-minimal models of 

V{M) for GIT stable M. The minimal model can be constructed as follows: 
Let UjY C V{M) be the complement to the union of hyperplanes. Equiv- 

alently, Ujj = V{M) \ B. The (regular) differential forms dlog(/*^/5r^) 
generate the cotangent bundle of Ujj^ the associated map to G{r — 1, n — 1) 
is an immersion, and the corresponding irreducible component of S is the 
closure of Ujj C G{r — 1, n — 1). 

1.26. Illustration. Let us look at the first non-trivial example for r = 3. 

-^={/l,/2,/3, fA = h + f2 + h, h = Z-^h + f2 + h] 

for /i,/2,/3 the standard (constant) basis of C K^. In this case there 
are two stable lattices, 

Mi = Rh + Rf2 + Rh and M2 = Rz'^ fi + Rf2 + Rfs- 
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The picture illustrates the limit surface (S,B). Note ZM2 C Mi C M2, 
so the stable lattices in this case form a 1-simplex, a, in particular are 

already convex. So we can take Y = a = Stab. The two pictures are the 
configurations of limit lines. The components of S are V{Mi) = V{Mi), 

and V(M2), the blowup of ^(Ma) at the intersection point ff'' = f^'^ = 0. 
The two components are glued along V(a) = V{M2/Mi), which embeds in 
■p(Mi) as the line = 0, and in P{M2) as the exceptional curve. 

Unfortunately we can't draw the membrane: if n > 5 then no membrane 
of X(3,n) can be embedded in without self-intersections. 

1.27. Relation to tropical algebraic geometry. There are several 
connections between this work and tropical algebraic geometry: [J^] is nat- 
urally homeomorphic to the tropicalisation of the r-dimensional subspace 
in K"^ defined by the rows of the matrix with columns the fi, see (4.15). 
Further we observe, (4.16) a natural generalisation of Kapranov's family 
(1.4.1) which might give information about an arbitrary tropical variety. It 
may also help explain an interesting correspondence, mysterious to us at 
present: We have observed that the incident combinatorics of the boundary 
of X{r,n) are encoded in the tropical Grassmannian, introduced in [SS], at 
least in the cases X{2, n) and X(3, 6), which are the only cases in which the 
tropical Grassmannian, or the boundary strata, have been computed. 

We thank B. Hassett, J. McKernan, and F. Ambro for help understanding 
material related to the paper. W. Fulton pointed out to us a serious error 
in an earlier version of the introduction. M. Olsson helped us a great deal 
with log structures, in particular we learned the construction (2.18) from 
him. We would like to especially thank L. Lafforgue for a series of detailed 
email tutorials on [La] and M. Kapranov for several illuminating discussions, 
and in particular for posing to us the question of whether his 1.2.2 could be 
generalized to higher dimensions. The first author was partially supported 
by NSF grant DMS-9988874. 

§2. Various toric quotients of the Grassmannian 

2.1. Chow variety [Ba]. Let Chow^ ^^(P") be the set of all /c-dimensional 
algebraic cycles of degree d in P". There is a canonical embedding 

Chowfc,d(P") C P(V), X ^ Rx, 

where Rx is a Chow form of X. Here V = H^{G{n - k,n + l),C'(d))^. 
The image is Zariski closed, so Chowfc,d(P") is a projective variety with a 
canonical Chow polarization. 

Now if X C P"" is any projective subvariety and S G H2k{X,Z) then the 
set Chow5(X) of algebraic cycles in X with the homology class 5 is a Zariski 
closed subset of Chowk,d(^"'), where d € if2fc(P",^) is the image of 6. The 
resulting structure of the algebraic variety on Chowj(X) does not depend 
on the projective embedding. 

2.2. Chow quotients [KSZ]. Let H be an algebraic group acting on a 
projective variety G. Let G° C G be a (sufficiently) generic open iJ-invariant 
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subset. In particular, all orbit closures Hx, x G G have the same homology 
class 5. There is a natural map 

G^/H Chow5(G), x^in. 

The Chow quotient G/ / H is the closure of the image of this map. There is 
also a parallel theory of Hilbert quotients G/ / /H when one takes the closure 
of G^ /H in the Hilbert scheme of G. 

2.3. Chow quotients of projective spaces [KSZ, GKZ]. Let H be 
an algebraic torus with the character lattice X. Let P C Xr be a convex 
polytope with vertices in X. We will denote vertices of P by the same letter. 
Let y be a /c- vector space with a basis {zp \ p € P}. The torus H acts on V 
by formula h-Zp = p{h)zp. We are going to describe f//H, where P = ¥{V). 
For any 5 C P, let Supp(5) C P be the set of coordinates that don't vanish 
on S. Let P° = {p G P | Supp(p) = P}. 

Take the big torus H = with its obvious action on V (so P is identified 
with the set of "coordinate" characters of H) . We can assume without loss 
of generality that H C 7i. This is equivalent to {P)i = X, where for any 
S* C X we denote by {S)z the minimal sublattice containing S. 

Actions of H and on P commute, therefore Ti. acts on P/ /H. Moreover, 
since all points in P° are H-equivalent, H has an open orbit ¥'^/H cF//H. 
So P/ /H is a projective 7Y-toric variety with the canonical 7Y-equivariant 
Chow polarization. By a toric variety we mean a variety with an action 
of a torus having a dense open orbit. We don't assume that the action is 
effective or that the variety is normal. 

Let * : F//^H ^F//H he the normalization. 

2.4. Remark. ^ is bijective on the set of orbits (this is true for any projec- 
tive toric variety with an equivariant polarization) but (as far as we know) 
is not always a bijective map. We study this issue in more detail at the end 
of this section, see (2.25). 

The fan J^{P) of P/ /^H can be described as follows. A triangulation 
T of P (with all vertices in the set of vertices of P) is called coherent 
if there exists a concave piecewisc affine function on P whose domains of 
affinity are precisely maximal simplices of T. It gives rise to a polyhedral 
cone C(T) C of the maximal dimension. Namely, C{T) consists of all 
functions : P — > M such that tl)T ■ P ^ M is concave, where tpT is given 
by affinely interpolating tp inside each simplex of T. Cones C{T) (and their 
faces) for various T give a complete fan J^{P)- Lower-dimensional faces of 
J^{P) correspond to (coherent) polyhedral decompositions P of P. More 
precisely, C(P) is the set of concave functions affine on each polytope of P. 

We will on ocassion abuse notation and refer to the collection of maxi- 
mal dimensional polytopes of a polyhedral decomposition as a polyhedral 
composition itself. 

We have the orbit decomposition 

¥//H = \_\{¥//H)p 
p 
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(and a similar one for P/ / ^H) indexed by polyhedral decompositions. A 
cycle X G {¥//H)p is the union of toric orbits with multiplicities, moreover 

(2.4.1) ^ = ^P'^P'^ Supp(Xp/) = P', mpi = [X : (P')z]. 
If mp/ = 1 for any P' E P then we say that X is a broken toric variety. If 

(P")z = xn(P")Q 

for any face P" of a polytope P' e P_ then we call P unimodular. 

2.5. Hypersymplex. Let H = be the standard torus acting on A^fc". 
The weights Cjj + . . . + ej^ G M" are the vertices of the hypersymplex 

A(r,n) := {(xi,...,x„) G M" | = r, 1 > > o} . 

A(r, n) has 2n faces {xj = 0} and {xi = 1}. The Pliicker embedding 
G(r,n) C P(A^A;") induces a closed embedding G{r,n)//H c P(A^A;")//ii". 

2.6. Lafforgue's variety ^. If X G G{r,n) C P(A^/c") then a convex 
hull of Supp(x) C A(r, n) is always a so-called matroid polytope (for the 
definition see (3.1)). Lafforgue defines his varieties for an arbitrary fixed 
matroid polytope P. Let 

P-P = {x G P I Supp(x) C P}, P-^'° = {x G P^ I Supp(x) = P} 

The locally closed subscheme 

G^'°(r,n) = G(r,n)nP^'° 

is called a thin Schubert cell. Of course, G'^'-^''"^'*^(r, n) = G'^(r, n). Laf- 
forgue's scheme O (see 2.8) is a compactification of G^''^(r, n)/H. In almost 
all our applications, P = A(r, n) and so we adopt the following Notational 
Convention throughout the paper: If we drop the polytope P from notation, 
it is assumed to be A(r, n), for a pair (r, n) clear from context. 

In [La, 2.1] Lafforgue defines a subfan of T{P) whose cones are in one to 
one correspondence with matroid decompositions P of P (i.e. tilings of P 
by matroid polytopes). This is a fan because a polyhedral decomposition 
coarser than a matroid decomposition is a matroid decomposition (more- 
over, if a convex polytope Q C A(r, n) admits a tiling by matroid polytopes 
then Q itself is a matroid polytope, see [Lai]). The associated toric vari- 
ety is denoted . Just by definition, is the toric open subset in the 
normalization of the Chow quotient: 

(2.6.1) A^ C r^//r,H. 

Orbits in A^ correspond to matroid decompositions. Notice that the action 
of on A^ is not effective: the kernel (G^)0 C is the subtorus of 
affine maps P —>■ Gm- Let A^ := G^/(G^)0. 

For any face Q of P, Lafforgue defines a natural face map of toric varieties 
A^ — > A^. The corresponding map of fans is given by the restriction of 
piecewise affine functions from P to Q. In particular, the image of the 
orbit Ap is A'^,, where P' is the matroid decomposition of Q obtained by 
intersecting polytopes in P with Q. 
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2.7. Lafforgue's VARIETY A- Lafforgue introduces a second normal toric 
variety A^ for the torus A^ := G^/Gju and a map of toric varieties 

(2.7.1) A^ ^ A^ 

extending the natural quotient map A^ ^ A^. 

The torus orbits of A^ are in one to one correspondence with (P, P'), for 
P a matroid decomposition, and P' ^ P_ one of the matroid polytopes. 

By [La, Proposition IV. 3], (2.7.1) is projective and flat, with geometrically 
reduced fibres, and there exists a natural equivariant closed embedding 

(2.7.2) C X P-f'. 

The fibre of (2.7.1) over a closed point of A^ = {F^//^H)p is a broken 

toric variety (2.4.1) in P^. All multiplicities are equal to 1 because of the 
following fundamental observation [GGMS]: 

(2.7.3) any matroid decomposition is unimodular. 

In fact, (2.7.1) is the pullback of the universal Chow family over the Chow 
quotient P^//iJ along the map A^ C P^//„-ff -> F^f/H. 

For each maximal face P' of P, the pair (0,P'), where denotes the 
trivial decomposition (just P and its faces), corresponds to an irreducible 
boundary divisor of A^. Denote the union of these boundary divisors as 
C A^. In the case of P = A(r, n) there are 2n such boundary divisors, 
corresponding to the maximal faces {xi = 0}, {xi = 1} of A(r, n). We 
indicate by Bi the divisor corresponding to {xj = 1}. Boundary divisors of 
A^ induce boundary divisors B on fibres of (2.7.1) for each maximal face 
of P. For P = A(r, n) we write Bi for the divisor corresponding to Bi. 

2.8. Lafforgue's COMPACTIFICATION Q. Next we consider Lafforgue's 

P 

main object, Q , which we consider only in the case P = A(r, n). We use 
a different construction from his, as it is a quicker way of describing the 
scheme structure - 17 is the subscheme of A over which the fibres of (2.7.1) 

are contained in G{r,n). 

2.9. Proposition. The Lafforgue space ^ C A is (^"^(Hilb(G(r, n))), where 
(p: A^ Hilb(P(A''(A;")) is a map induced by (2.7.2). 

Proof. As Lafforgue pointed out to us, this follows from [La, 4.4,4.22]. □ 

2.10. Structure map. We have the composition 

TlcA^ A/A^ 

(where the last map is the stack quotient), which Lafforgue calls the structure 
map. In particular this endows fl with a stratification by locally closed 
subschemcs, i7p (the restriction of the corresponding toric stratum of A), 
parameterized by matroid decompositions P of A(r, n). The stratum for the 
trivial decomposition, (meaning the only polytope is A(r, n)) is an open 
subset 

^0 = X{r,n) C n 

which Lafforgue calls the main stratum. Lafforgue proves that ft is projec- 
tive, and thus gives a compactification of X{r, n) - italics as his space is in 
general reducible, as we observe in (3.13). 
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2.11. We denote the closure of in 0, by Xi(r, n). There are immersions 

X(r, n) C XLir, n) C A C F//^H 
(the first and last open, the middle one closed) and 

X{r,n) cX{r,n) C F//H 
(open followed by closed). It follows that there exists a finite birational map 
(2.11.1) XL{r,n) ^X{r,n). 

In particular, X(r, n) and Xi(r, n) have the same normalization that we 
denote by X{r,n). 

2.12. TORIC FAMILY. We denote the pullback of A ^ A to Ti. hy T ^ Q. 
(T to denote toric). By definitions, T C $7 x G{r, n). 

Kapranov [Ka, 1.5.2] shows that X{r,n) is isomorphic to the Hilbert 
quotient G{r,n) / / / H and the natural Chow family 

r ^ X(r, n) , r C X(r, n) x G(r, n) . 

is flat. The family T Xzir, n) is the pullback of T X{r, n) along (2.11.1). 
Let B,Bi cT be the restrictions of the boundary divisors B, Bi C A. 

2.13. Family of visible contours. Let Ge{r - 1, n - 1) c G{r, n) be the 
subspace of r-planes containing the fixed vector e = (1,...,1). Kapranov 
defines the family of visible contours 

S = Tn {X{r, n) x Ge(r - 1, n - 1)) C X{r, n) x G(r, n). 

Kapranov shows that the family S is flat, and that the associated map 

(2.13.1) X{r, n) Hilb(Ge(r - 1, n - 1)) 

is a closed embedding. 

There is a similar family over $7 (Lafforgue calls it ^{£))'- 

2.14. Definition. Let 5 C T be the scheme theoretic intersection 

5 := r n p X Ge{r - 1, n - 1)] C [H x G{r, n)]. 

H acts on A, trivially on A and A ^ A is H equivariant. Thus H acts 
on T (and trivially on Q) so that T — > is equivariant. 

Let B,Bi C S indicate the restriction of B,Bi C T. We note B C S is 
the union of Bi, as the n components of B C T corresponding to the faces 
Xj = of A(r, n) are easily seen to be disjoint from Ge{r — 1, n — 1). 

The fibres of {S,B) O have singularities like (or better) than those of 
{T,B), as follows from the following transversality result: 

2.15. Proposition ([La, pgxv]). The natural map 

S T/H 

to the quotient stack (or equivalently, S x H ^ T) is smooth. 
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Proof. We recall for the readers convenience Lafforgue's elegant construc- 
tion: Let 

S C G{r,n) X A" 

o 

be the universal rank r subbundle, and let S C £ be the inverse image under 
the second projection of the open subset i/ C A" (i.e. the subset with all 

o 

coordinates non-zero). H obviously acts freely on £ and the quotient is 
canonically identified with Ge{r — l,n — 1). This gives a smooth map 

Ge{r-l,n-l) = £/H ^G{r,n)/H 

Now for any H equivariant T G{r, n) the construction pulls back, 
yielding (2.15). □ 

Note in particular that this shows 

2.16. Corollary. S a T is regularly embedded, with normal bundle the 
pullback of the universal quotient bundle of Ge{r — 1, n — 1). 

2.17. Fibers of 5. A precise description of the fibres of <S is given in [La, 
Chapter 5]. Here we recall a few points: 

Let 5 C r be a closed fibre of 5 C T over a point of fip. We have by the 
above a smooth structure map S T/H, and so S inherits a stratification 
from the orbit stratification of T/H, parameterized by P G P. In particular 
the facets (maximal dimensional polytopes) of P correspond to irreducible 
components, and the stratum Sp (which are the points of S that lie only on 
the irreducible component corresponding to P) is the complement in P''^^ 
to a GIT stable arrangement (see (1.25)) of n hyperplanes with associated 
matroid polytope P (see (3.1)). The irreducible component itself is the log 
canonical compactification of Sp, as follows for example from (2.19) below. 
For r = 3 this compactification is smooth, and described by (8.11). 

2.18. Log structures and toric stacks. For basic properties of log 
structures and toric stacks we refer to [01, §5]. Any log structure we use 
in this paper will be toric, i.e. the space will come with an evident map to 
a toric variety and we endow the space with the pullback of the toric log 
structure on the toric variety. In fact, we do not make any use of the log 
structure itself, only the bundles of log (and relative log) differentials, all 
of which will be computed by the following basic operation (our notation is 
chosen with an eye to its immediate application): 

Let q : A ^ Ahe a map of toric varieties so that the map of underlying 
tori is a surjective homomorphism, with kernel H. We have the smooth map 

A^A/H 

(where the target is the stack quotient), and in particular its relative cotan- 
gent bundle, which is canonically identified with a trivial bundle with fibre 
the dual of the Lie algebra to H. We denote the bundle 

(2-18.1) nlilog) = 

as q is log smooth and this is its bundle of relative log differentials, as follows 
from [01, 5.14] and [Oil, 3.7]. 
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For a map 0, ^ A, consider the pullback 

Then (2.18.1) puhs back to the relative cotangent bundle for 

T T/H. 

T — > $7 is again log smooth, with this (trivial) bundle of relative log differ- 
entials. 

Now suppose <S C T is a closed subscheme, so that the map S x H ^ T, 
or equivalently, S T/H, is smooth. Then the relative cotangent bundle 
for 

is a quotient of the pullback of , p : S ^ Q, is log smooth, with 

bundle of relative log differentials 

J^^(log) = n^/^r/Hy 

2.19. Theorem. The visible contour family p : S ^ is log smooth. Its 
bundle of log differentials 

O^(log) = n^s/(T/H) 

is a quotient of the pullback of which is the trivial bundle A x 

Vn- Fibres {S,B) are semi-log canonical, and the restriction of the Plucker 
polarisation to S C Ge{r — 1, — 1) is 0{Ks + B). 

Proof Let {S,B) C {T,B) be closed fibres of {S,B) C {T,B). iT,B) is 
semi- log canonical, and 0{Kt + B) is canonically trivial, e.g. by [Al, 3.1]. 
{S,B) is now semi-log canonical by (2.15), and by adjunction 0{Ks + B) 
is the determinant of its normal bundle, which is the PKickcr polarisation 
by (2.16). The other claims are immediate from (2.15) and the general 
discussion (2.18). □ 

The initial motivation for this paper was the elementary observation: 

2.20. Proposition. X{r,n) is minimal of log general type. 

Proof. We show that the first log canonical map on X{r,n) is a regular 
immersion. Fixing the first r + 1 hyperplanes identifies X(r, n) with an open 
subset of i7"'~(''+^), where U C P^~^ is the complement to B, the union of 
r + 1 fixed hyperplanes in linear general position. Kpr-i + B = 0{l), so the 
first log canonical map on U is just the inclusion U C P^~^, in particular an 
immersion. The result follows easily. □ 

We have the following criterion to guarantee 

X{r, n) C XL{r, n) 

is a log minimal model. Let rp(log) be the dual bundle to rip(log) on 5 - 
i.e. the relative tangent bundle to 5 — > T/H. 

2.21. Theorem. If B?p^{Tpi\og)) vanishes at a point ofXL{r,n) C 0, then 
Q — > A/A0 is smooth, Xiir, n) = ^,Vt is normal, and the pair {Xi,{r, n), B) 
has toroidal singularities, near the point. 
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If R'^p^{Tp{log)) vanishes identically along Xi^{r,n), then the sheaf 

{defined in (9.1)) is locally free, globally generated, and its determinant, 
0{K^^ + B), is globally generated and big. In particular 

X{r,n) C XL(r,n) 

is a log minimal model. 

Proof. By [La, 4. 25. ii, 5. 15], vanishing of imphes the structure map is 
smooth. Now suppose the structure map is smooth along XL{r,n). The 
bundle of log differentials for the toric log structure on a normal toric variety 
is precisely the bundle (9.1), which implies the analogous statement for 
{X L(r,n), B). The bundle of differentials is the cotangent bundle of the 
structure sheaf, and thus a quotient of the cotangent bundle to 

A A/ An, 

which by (2.18) is canonically trivial, whence the global generation. Now 
^x^(r,n) + ^isbigby (2.20). □ 

2.22. Remark. If the conditions of the theorem hold, then to show Xi(r, n) 
is the log canonical model, it remains to show Kj^^+B is ample, not just big 

and nef. We have proven this for X/,(3, 6), by restricting to the boundary. 
We expect it will hold whenever (2.21) applies, i.e. in the cases of (1.14). 

2.23. Remark. When vanishing holds in (2.21) we have generating global 
sections of , JlogB) which give a map 

XL{r,n) ^ G (^{r - l){n - r - 1), -n 

For r = 2 the sections give a basis of global sections, and we have checked 
the map is a closed embedding. It would be interesting to know the defin- 
ing equations. In this case the log canonical series is very ample, and the 
embedding factors through this embedding into the Grassmannian. The log 
canonical embedding itself is quite nice, see (1.16). 

2.24. When is ^ bijective? Here we resume a notation of (2.3) and give 
a technical condition that implies ^'|(p// h)p is bijective for a polyhedral 
decomposition P. Until the end of this section, we assume that P is uni- 
modular. 

The construction is a variation of the Ishida's complex of Z-modules, 
see [Oda]. Let be the set of i-codimensional faces of polytopes in P 
that do not belong to the boundary dP. We fix some orientation of each 
Q (z P^. Let A be an abelian group. Consider the complex C^g(P, A) with 
Cl^g{P_,A) = ©Qgpi AS{Q,A), where AS{Q,A) is the group of affine maps 
Q ^ A. The differential d' : C{f^{P,A) Cj+^(P,yl) is a direct sum of 
differentials d'^'^ for Q € P\ R € If R is not a face of Q then d'^'^ = 0. 

Otherwise, d'^'^ is the restriction map AS{Q,A) —>■ AS{R,A) taken with 
a negative sign if the fixed orientation of R is opposite to the orientation 
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induced from Q. Let H^q{P, A) be the cohomology of C^q{P, A). It is clear 
that H^g{P,A) is the set of piecewise afHne functions P ^ A. 

2.25. Proposition. If H\q{P,Z) =0 then '^\(jp//^h)p is bijective. 

Proof. We identify TC with maps P —>■ Gm- Elements of 7i of order are 
maps P UN and any map a: P ^"L gives a 1-PS z h- > {p i— > z""^^}. 

Let X G (F//H)p be as in (2.4.1). Let x G ^''^{X). We claim that 
fix HX is bijective. Since Tix C Hx, it sufices to prove that the stabilizer 
Hx is connected. 

Let h G Hx- Then /i G Hxp, for any P' G P. But if e is a generic point 
of Xp' then 

TiXp, = {h £n\h - e e Xp>} = {h €n\ 3hp' e H, h ■ e = hp> ■ e}. 

It follows that h{p) = hpr{p) and hence h is affine on each P'. We see that 
Hx = Hlf,iP,G^). 

It is enough to show that any element h G Hx of a finite order N embeds 
in a 1-PS 7 C Hx- So let h G H^q{P^, fi^). We have the exact sequence 

- Clff(P,Z) ^Clff(P,Z) ^ CXff(P,/x^) ^ 0. 

Since Hj^g{P, Z) = 0, there exists an element of i7^g(P, Z) that maps to h. 
The corresponding 1-PS contains h and belongs to the stabilizer Hx- D 

2.26. Definition. A decomposition P is called central P_^ = {C, Si,. . . , Sr}, 
where Si Ci Sj C dP. We caU C the central polytope. Let Up C P//„-ff be 
an affine open toric subset with fan C{P). It contains (P/ /„-ff)p as the only 
closed orbit. 

2.27. Corollary. // P is unimodular and central then "^{Up) is quasi- 
smooth, i.e. '^\up is bijective and Up is smooth. 

Proof. To show that ^\up is bijective, it suffices to prove that 'J'|(p// h)p is 
bijective. Indeed, other strata in Up correspond to decompositions coarser 
than P, which are automatically unimodular and central, so we can use the 
same argument. It is clear that P^ = {Pi, . . . , Pp} is the set of codimension 1 
faces of C that are not on the boundary of P. We want to use (2.25). Let 
^ ^ ^Asi—^"^)^ so c = (/i, . . . , fp), where fi is affine on Pj. For each i, we 
have Pj = C n Sj for some j. We can choose gj G Aff(5j,Z) which restricts 
on fi (taking into account the orientation) . Then c is equal to the differential 
of the cochain c, where c(C) = and c(5j) = gi. 

For the second statement, we have to show that C(P) = (Z>o)'^ upto 
global affine functions. Let / G C(P). Then / is a concave locally affine 
function. So / — / |c is a concave locally affine function that vanishes on C. 
Let /i, 1 < ^ < r, be a primitive (i.e. not divisible by an integer) concave 
locally affine function that vanishes on P \ Si. Then f — f\c is a linear 
combination of /^'s with non- negative coefficients. □ 

§3. Singularities of (X(r, n),P) 

In this section we prove (1.13). The very simple idea is as follows: The 
notion of log canonical pair (X, ^ Pj) generalises normal crossing. In par- 
ticular, if all the irreducible components Pj are Q-Cartier, then log canonical 
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implies at least that the intersection of the Bi has the expected codimension, 
see (3.21) below. We prove (1.13) by observing that well known configura- 
tions give points of X{r, n) lying on too many boundary divisors. The main 
work is to show that these points are actually in the closure of the generic 
stratum, and that the boundary divisors are Cartier near these points. 

3.1. Matroid polytopes [GGMS]. Let N = {1,. . . ,n}. A matroid C is 
N together with a nonempty family of independent subsets of N such that 
any subset of an independent subset is independent and all maximal inde- 
pendent subsets contained in / have the same number of elements for any 
I C N. Maximal independent subsets of N are called bases of the matroid. 
Obviously, a subset of a matroid is a matroid (with induced collection of 
independent subsets). The rank of a matroid is equal to the number of 
elements in any base. A matroid C of rank r gives rise to a matroid poly- 
tope Pc C A(r, n), a convex hull of vertices + . . . + e,^ for any base 
{ii, . . . ,ir} C A''. For a subset I C N, we write x/ = X^ie/ '^^^ consider 
XI as a function on A(r, n), in particular xj = r — xjc It is known that Pc 
is defined by inequalities xi < rank/. 

3.2. Realizable matroids. Here is the main example: Let C = {Ljjjgjv 
be a configuration of n hyperplanes in P*""^. Then independent subsets 
of the corresponding realizable matroid (denoted by the same letter C) are 
subsets of linearly independent hyperplanes. C has rank r if there is at 
least one independent r-tuple. Let Xc{r,n) be the corresponding moduli 
space, i.e. A-tuplcs of hyperplanes with incidence as specified by C modulo 
PGL^. The corresponding matroid polytope Pc has a maximal dimension 
iff C is GIT stable. By the multiplicity of a point p G P''"^ with respect 
to C we mean the number of hyperplanes in C that contain p, i.e. the usual 
geometric multpC if we view C as a divisor in P*""^. 

3.3. GeLFAND-MACPHERSON CORRESPONDENCE. Let C be as in (3.2). 
Consider an r x n matrix Mc with columns given by equations of hyper- 
planes of C (defined upto a scalar multiple). The row space of Mc gives 
a point of G{r,n). Thus Xc{r^n) is identified with the quotient of (the 
reduction of) a thin Schubert cell G^^'^{r,n)/H (see (2.6)). So we see that 
for any x G G{r,n), Supp(x) C A(r, n) is a matroid polytope of a realiz- 
able matroid, in particular the Lafforgue's stratum Op (2.10) is empty if a 
matroid decomposition P contains non-realizable matroids. 

3.4. Divisor Bj. It is easy to see that {xj < /c} is a matroid polytope for 
any < k < r. The corresponding configuration is as follows: the only 
condition we impose is 



This polytope has full dimension iS \I\ > k 

It follows that if |/| > k and > r — k then there is a matroid de- 
composition of A(r, n) with two polytopes {xj > k} and {xj < k}. The 
corresponding stratum of A is maximal among boundary strata. We denote 
its closure (and corresponding subschemes of O, Ax,(r, n), etc.) by Bj. 

An example is shown in (1.26), where r = 3, n = 5, k = 1, I = {2,3,4}, 
I'^ = {1,5}. In the configuration with polytope {xjc < 1}, lines of /"^ are 



codim 
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identified and lines of / are generic. In the configuration {xj < 2}, the hnes 
of / have a common point of incidence, and hnes of /"^ are generic. 

3.5. Central configurations and matroids. Let I be an index set, 
and for each a G J, /q, C iV a subset, such that \Ia\ >r and 



Let's call S (Z N independent if \S\ < r or \S\ = r and S la for any a € T. 

3.6. Proposition. This gives a structure of a matroid on N. 

Proof. We only have to check that for any S C N, all maximal independent 
subsets in S have the same number of elements. It suffices to prove that 
if S contains an independent set T, \T\ = r, then any independent subset 
R (Z S can be embedded in an independent subset with r elements. We can 
assume that = r — 1. If i? ^ /„ for any a E I, then we can just add any 
element to R. If R d la for some a then this a is unique by (3.5.1) and we 
add to R an element of T that is not contained in la- □ 

We call matroids of this form central. 

3.7. Definition. We say that C is a central configuration if a pair (P*""^, C) 
has normal crossings on the complement to a 0-dimensional set. If r = 3, 
it simply means that there are no double lines. Let I C P''"^ be the set of 
points of multiplicity at least r. Then a matroid of C is a central matroid 
that corresponds to subsets la C N of hyperplanes containing a € I. 

A polytope Pc of a central matroid C is given by inequalities xj^ < i — 1 
for all a G J. Let Pa C A(r, n) be the matroid polytope xj^ > r — 1. Let 



3.8. Lemma. I is a central decomposition of A{r,n) (see (2.26) for the def- 
inition) with central polytope Pc ■ For each subset X' C X, X' is a matroid 
decomposition, coarser than X and all matroid decompositions coarser than 
X occur in this way. 

Proof. To show that X is a central decomposition, it suffices to check that 
Pa n P/3 is on the boundary for any a ^ (3 (this will imply, in particular, 
that any interior point of any wall {xj^ = r — 1} belongs to exactly two 
polytopes, Pc and Pa)- Assume that a; G n is an interior point of 
A(r, n). Then xj^nif} < r — 2 by (3.5.1) (otherwise Xj = 1 for any i E Ia(~\I/s 
and therefore x is on the boundary). Therefore, Xj^\j^ = xj^ — xi^nip > 1 
and xj^nip = + ^ip ''^ Contradiction. 

Any matroid decomposition coarser than X is obviosly central and can be 
obtained by combining Pc with several Pq's. This has the same effect as 
taking these a's out of X. □ 

3.9. Proposition. Let Uj be the affine open toric subset of A as in (2.26). 
Then Ux is smooth and bijective to *(?7j) C F(A''k"-)//H. Let U = UidQ. 
U C XL{r,n) maps finitely and homeomorphically onto its image in X(r, n). 



(3.5.1) 



IaC)Ip\<r-2 for aj^p. 



I={Pc,Pa}aeI- 



Proof- Follows from (2.27). 



□ 
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3.10. Remark. It is possible that X corresponds to a central configuration C 
but central polytopes of decompositions coarser than I are not realizable. 
In other words, some multiple points of C may be forced by the set of other 
multiple points (the reader may wish to examine picture (3.13) from this 
perspective). All configurations used in the proof of (1-13) are of this sort. 

3.11. Definition. Fix a hyperplane L C F''~^. For each subset J C N, 
\J\ > r, Let Qj be the moduli space of J-tuples of hyperplanes, Lj, j & J 
in p*""! such that the entire collection of hyperplanes, together with L is in 
linear general position, modulo automorphism of preserving L. 

Note Qj is a smooth variety, of dimension (r — 1)(\J\ — r). Intersecting 
with the fixed hyperplane L gives a natural smooth surjection 

Qj^X{r-l,\J\). 

3.12. Lemma. Let C , Z, T_ he as in (3.7). For each a G I we have a natural 
map Xc{r,n) X{r — 1, |/a|), taking the hyperplanes through a. Let 

M =l[X{r-l,\I^\) and Q=IIQi^. 

There is a natural identification 

% = Xcir,n) xm Q- 

In particular 

dim(%) = dim(Xc(r,n)) + J^(|/,| - r). 

Proof. This is immediate from [La, §3.6]. □ 
Next we demonstrate that Lafforgue's space 17 is reducible: 

3.13. Proposition. Let C be the following configuration of 6m — 2 lines in 

M2; 




Let I he its multiple points, as in (3.7). Then 

dim \Slj ' ] >m 
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and 0, ' is not irreducible for large n. 

Proof. The configuration C has at least nn? points of multiplicity 4, so the 
inequality is immediate from (3.12). The final remark follows as the main 

component X2,(3, 6m — 2) of f^'^^^'^™' has dimension 12m — 12. □ 

However, for a large class of central configurations, the stratum be- 
longs to the closure of the main stratum: 

3.14. Lax configurations. We say that a central configuration C is lax 
if there is a total ordering on N so that for each i ^ N , points on Li of 
multiplicity greater than r with respect to A^<j are linearly independent. 
For example, a configuration in (3.13) is not lax for m > 4. 

3.15. Theorem. Notation as in (3.7). Assume C is lax. 

(3.15.1) The stratum 0,j is contained (set theoretically) in XL{r,n) C ^l. 

(3.15.2) Let U = Uj DO,, where Uj C A is the smooth toric affine open set 
of (3.9). Let U ^ U be the normalisation. Then U is an irreducible 
open factorial subset of X L{r,n) C ^l, smooth in codimension one. 
Moreover the boundary strata Bj^ are Cartier, generically smooth, 
and irreducible on U, their union is the boundary, and their scheme- 
theoretic intersection is the stratum Qj. 

(3.15.3) Let JJ U be the normalisation, and B C U the reduction of the 
inverse image of B. If + B is log canonical at a point in the 
inverse image of p G then the stratum has pure codimension \I\ 
in U near p, i.e. 

^{\Ia\ - r + 1) +dimXcir,n) = n(r - 1) - + 1 
near p. 

We postpone the proof until the end of this section. First we show that 
X{3,n) with its boundary fails to be log canonical for n > 9 (for n > 7 in 
characteristic 2) and that X(4, n) is not log canonical for n > 8. 

Proof of (1.13). Consider the Brianchon-Pascal configuration [HC, Do] of 
9 lines with \I\ = 9 and = 3 for all a: 




It is easy to compute that dimXc(3, 9) = 2. Now apply (3.15): the LHS 
in (3.15.3) is equal to 11 but the RHS is 10. If n > 10 add generic lines. 
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There is an even better configuration of 9 lines with \1\ = 12 and \Ia\ = 3 
for all a. It can be obtained as follows: Fix a smooth plane cubic. Every 
line containing two distinct inflection points contains exactly three. This 
gives a configuration of 12 lines. Furthermore each inflection point lies on 
exactly 3 lines, and these are all the intersection points of the configuration. 
This is the famous Hesse Wendepunkts-configuration [HC, Do]. Let C be 
the dual configuration. Now apply (3.15): the LHS in (3.15.3) is equal to 
12 but the RHS is 10. If n > 10 add generic hues. 

For the characteristic two, use the Fano configuration, [GGMS, 4.5] and 
argue as above: the LHS in (3.15.3) is equal to 7 but the RHS is 6. 

In (4, 8) case, take the configuration of 8 planes in given by the faces 
of the octahedron. There are 12 points of multiplicity 4 (i.e. lying on 4 of 
the planes), while X(4, 8) is 9 dimensional. If n > 9 add generic planes. □ 

3.16. Theorem. The boundary strata of {X{3,n), B) for lax configurations 

have arbitrary singularities, i.e. their reductions give reductions of all pos- 
sible affine varieties defined over Z (up to products with A^). 

Proof. By (3.15), it suffices to prove that Qj^^'""^ for lax configurations C,I, 
satisfy Mnev's theorem [La, 1.14]. I.e. given affine variety Y over Z there 
are integers n, m and an open set U CY x A"*, with U ^Y surjective, and 
a lax configuration C with n lines such that U is isomorphic to the reduc- 
tion of the Lafforgue stratum l^j ' . One can follow directly the proof of 
Mnev's theorem: Lafforgue constructs an explicit configuration which en- 
codes the defining equations for Y, and it is easy to check this configuration 
is lax. The ordering of lines (in Lafforguc's notation) should be as follows: 
lines [0, la, Pa,'^a] and the infinite line should go first (at the end of the 
process there will be many points of multiplicity > 3 along them), then 
take all auxilliary lines in the order of their appearance in the Lafforgue's 
construction. □ 

Now we proceed with the proof of (3.15). 

3.17. Face maps and cross-ratios. The collection of X{r,n) has a hy- 
persimplicial structure: there are obvious maps Bi : X{r,n) X{r,n — 1) 
(dropping the i-th hyperplane) and Ai : X{r,n) — >■ X{r — l,n — 1) (inter- 
secting with the i-th hyperplane). These maps extend to maps of Chow 
quotients [Ka, 1.6], and to maps of Lafforguc's varieties X l C 0, C A, [La, 
2.4]. For A, these maps are just restrictions of face maps (2.6) corresponding 
to faces {xi = 0} ~ A(r, n — 1) and {xi = 1} ~ A(r — 1, n — 1). 

In particular, let V,W C N he subsets such that \V\ = 4, \W\ = r — 2, 
y n 7^ 0. Then dropping all hyperplanes not in 1/ U 14^ and intersecting 
with all hyperplanes in W gives cross-ratio maps 

(3.17.1) CRv,w ■■ X{r, n) X{2, 4) = Mo,4 = \ {0, 1, oo} 

and 

CRv,w ■■ n ^ X(2, 4) = Mo,4 = 
It follows that CRv,w{^p) C P-*^ \ {0, 1, oo} if and only if P does not break 

Av,i^(2, 4) = fl {xi = 0}f]f] {xi = 1}. 
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A(2, 4) is an octahedron and values {0, 1, oo} correspond to three decompo- 
sitions of A (2, 4) into two pyramids. 

To write (3.17.1) as a cross-ratio, let V = {iii2^3*4} with ii < 12 < is < H- 
Let Li, . . . , Ln he a collection of hypcrplanes in X{r, n). Consider an r x n 
matrix M with columns given by equations of these hyperplanes. Then 

CRv,w{Li,---,Ln) = t;- TT- , 

UetjjigVF JJetj2i4W 

where each Det^ is an r x r minor of M with columns given by T. 

Let C = {Li, . . . , Ln} be any configuration as in (3.2) and let xq G G{r, n) 
be a point that corresponds to C under the Gelfand-Macpherson transform. 

Let {X,xo) C G{r,n) be a pointed curve such that X n G°(r,n) ^ 0. Let 
F : G(r, nf — > X{r, n) be the canonical i/-torsor. Then 

Po = lim F{x) G Xi(r, n) 

belongs to Q.p_, where P is a matroid decomposition of A(r, n) contain- 
ing Pc- Indeed, it is clear that xq is contained in the fiber of the universal 
family (2.7.1) over pq, so Pc = Supp(a;o) is in P. 

3.18. Proposition. Let C he central as in (3.7). // 

lim CRvwix) {0, 1, 00} 

X—>XQ ' 

for any W C la, \V n = 1, a e I then P = I. 

Proof. Any decomposition containing Pc is a refinement of I. So it remains 
to prove the following combinatorial statement: any realizable matroid de- 
composition P refining I is equal to I provided that P fl A(2, 4) = A(2, 4) 
for any face A(2, 4) C A(r, n) that belongs to the boundary of some Pa and 
such that exactly one face of this octahedron A(2,4) belongs to the wall 
xj^ = r — 1 (this is a condition equivalent to W C la, |^ ^ /^| = 1). 

Restrictions of P and T to the faces of A(r, n) have the same form. Also, 
if r = 2 then the claim follows, for example, from the explicit description of 
matroid decompositions of A(2, n) [Ka, 1.3], so we can argue by induction 
and it remains to prove the following: any realizable matroid decomposition 
P refining X is equal to I provided that P\f =I\f for any face F = {xi = 1} 
of A(r, n), r > 2. 

Assume, on the contrary, that a certain Pa € X is broken into pieces. 
Choose a polytope Q C PH Pa such that the boundary of Q contains 
the face F = {xi = 1} D Pa, I ^ la- A polytope Q is realizable. In the 
corresponding configuration D, the hyperplane Li is multiple (of multiplic- 
ity 1/^1). and intersections of hypcrplanes Lj, j € la with Li are in general 
position (because F C Q). It follows that D is central (except that Li is 
multiple), li Q ^ Pa then there is at least one degeneracy, hyperplanes Lj, 
j € J C la, \ J\ = r pass through a point P ^ Li. Since not all hyperplanes 
Li, i e la pass through /3, there exist indices k,k' E J and i E la such that 
a line rii^j\{k,k'}L'i intersects L^ and Lfc/ at (3, Li at Lj at two other distinct 
points. It follows that A{/j jt',i,j},J\{fe,A;'}(2, 4) is broken by P. □ 
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Proof of (3.15.1). Let Mq be as in (3.3) for a fixed lax hyperplane arrange- 
ment C. Let Z C r^x be the fibre over the point of Xc(r, n) given by C, in 
the product decomposition (3.12). 

We consider Unes xm '■ — *■ 7M(r, n), xm{z) = Mq + zM for M G 
M (r, n) , and the induced regular map (which we abusively denote by the 
same symbol) xm '■ — > (r, n) . We consider the limit of xm as z — > 0. 

We assume that N has the lax order of (3.14), so for any /, points on 
Li of multiplicity greater than r with respect to Li,... are linearly 

independent. Let pi be the number of these points. A moments thought, 
and (3.12) yields the equality 

Y.{\Ia\-r) = Y,n = diT^{Z). 

a&T i 

We now construct the columns of M. Suppose the first I — 1 columns of 
M are already constructed, and consider column /. Let Ci (z Li, i = 1, . . . ,pi 
be points of multiplicity greater than r. Wc include these e^'s in the basis 
ei,...,er and write the Z-th column in the dual basis. Let Vi,Wi C N, 
i = 1, . . . ,p„ he any choice of subsets as in (3.17) such that Vi = {h, 12,^3, 1}, 

\v,nii\ = i,w,Gie^. 

3.19. Claim. For i = l,...,pi, 

lim CRvi,WiixMiz)) 
2— >o 

does not depend on Mji for j ^ i and depends non-trivially on Mu (i.e. we 
can make this limit any general value by varying Mu). 

We can assume without loss of generality that ii ^ Ig^ (otherwise take an 
appropriate automorphism of a cross-ratio function) . Note the claim implies 
the result: First its clear that any single choice of subsets W, V as in (3.18) 
can be chosen as Wi,Vi for some i and I. So all these cross ratios are generic 
(i.e. take on values other than {0, 1, 00}) for general M. Now by (3.18) the 
limit point is in Z. Now by the claim, we can vary dim(Z) of the cross ratios 
completely independently by varying M. Since Z is smooth and connected 
by (3.12) it thus follows that Z C Xi(r, n) (set theoretically) and so since 
C was arbitrary this completes the proof. 

LetW := Wi. Then 



lim CRvi,Wi{xM{z)) = lim 



Detjii2VK DetjgjM/ 



" ' z^o Detj-^i3ty Deti^iw 

Notice that lim^^o Detj^jjVF and Deti^i^w are not zero - by assumption Lj^ 
does not pass through e^, but projections of any r — 1 hyperplanes in /e, 
from Cj are linearly independent. 
So we have to demonstrate that 

does not depend on Mji for j ^ i and depends not trivially on Mu. Indeed, 
the constant terms of Deti^iw and Deti^iw vanish, let's find coefficients at z. 
The z-th rows of the corresponding submatrices of Mc is trivial, so we can 
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expand both determinants along this row and get 

lim ^^^ialW _ Mji^Ru^ + MjiRji + ... 
Beti^iw Mii^Rii^ + MiiRii + . . . ' 

where Rij are cofactors of the corresponding submatrices of Mc- These 
cofactors are not trivial because projections of any r — 1 hyperplancs in /g. 
from Cj are linearly independent. So we see that the limit indeed does not 
depend on Mji for j ^ i and is a Mobius function in Mn . This function can 
be made nontrivial by adding an open condition Ma^Ra^ ^ Ma^Ra^. □ 

3.20. Proposition. Let C be a lax configuration with multiple points T. If 
\I\ > 2 then codim^^^^^^ fix > 2. 

Proof. We proceed by induction on ^ |7q,| using (3.12) and the following ob- 
servation - a configuration near the GIT-stable configuration is GIT-stable. 
We will compare quantities dim Xc(r,n) + X^Q,£x(|-^a| ~ t) for various con- 
figurations. Since all of them will be GIT stable, we can substitute Xc{r, n) 
by its PGL,.-torsor Pc'(r, n), the space of all configurations with prescribed 
multiplicities. 

Assume first that there are some points of multiplicity greater than r. 
Take the last hyperplane L in the lax order that contains such point. Move 
L a little bit to take it off this point but keep all other points of multiplicity 
greater than r on L (this is possible because they are linearly independent). 
If there are no such points, keep some point of multiplicity r (if there are any 
of them on L). Then the dimension of the configuration space will increase 
by at least one, the sum |Iq;| — r will decrease by at most one and |T| 
is still at least 2. At the end, there will be at least two points A, B of 
multiplicity r and no points of higher multiplicity. Now take a hyperplane 
through A and move it keeping B if it belongs to this hyperplane. This will 
increase the dimension of the configuration space by at least one but the 
result will still not be generic, thus having codimension at least one. □ 

Proof of (3.15.2). From (3.12) the generic stratum of Bi^ is smooth and 
connected, and codimension one in U . By (3.20) all other boundary strata 
of U are lower dimensional. The boundary of U is (by definition) the scheme- 
theoretic inverse image of the boundary of Uj, and so Cartier, and in par- 
ticular pure codimension one, by (2.27). It follows the Bj^ are irreducible, 
Cartier, and their union is the full boundary. They arc generically smooth 
by (3.12). The proof of (2.20) shows that their complement, the main stra- 
tum X{r,n) is isomorphic to an open subset of affine space, and thus has 
trivial divisor class group. Thus U is factorial. Now it is smooth generically 
along the Cartier divisors Bi^ by (3.12). In the open set C/j C ^ the stra- 
tum Ax_ is the scheme-theoretic intersection of the boundary divisors that 
contain it (this is true in any toric variety). Thus fix is scheme-theoretically 
the intersection of the boundary divisors of U that contain it. □ 

Proof of (3.15.3) now follows from (3.12) and (3.21) below. 

3.21. Proposition. Let X be a normal variety. Let Bi be irreducible Q- 
Cartier Weil divisors. If Kx + ^og canonical, then the intersection 

BinB2---nBn 
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is (either empty or) pure codimension n. 

Proof. We can intersect with a general hyperplane to reduce to the case 
when n is the dimension of X and then apply [FA, 18.22]. □ 

§4. The membrane 

4.1. Tits buildings. We begin with some background on buildings. For 

further details see [Mu, §1]. R = k^z\] is the ring of power series and K 
is its quotient field, k, as throughout the paper, is an algebraically closed 
field. Let V = ¥ and VK = V®k K. 

We follow [Sp, pg 108] for elementary definitions and properties of sim- 
plicial complexes. In particular for us a simplicial complex is a set (the 
vertex set of the complex) together with a collection of finite subsets called 
simplicies. 

4.2. Definition. The total Grassmannian Gi(y) is a simplicial complex of 
dimension r — 1. Its vertices are non-trivial subspaces of V (in particular V 
itself is a vertex) . A collection of distinct subspaces forms a simplex iff they 
are pairwise incident (i.e. one is contained in the other), from which it easily 
follows that m — 1 simplicies correspond to flags of non-trivial subspaces 

(4.2.1) = UoCUiCU2--- CUrr,. 

The compactified affine Tits building 6 is a simplicial complex of di- 
mension r — 1, with vertices given by equivalence classes of non-trivial free 
-R-submodules of Vk , where Mi , M2 are equivalent iff Mi = CM2 for some 
c G K*. A collection of distinct equivalent classes is a simplex iff they are 
pairwise incident, where [Mi] and [M2] arc called incident if after rescaling 

zMi C M2 C Ml. 

Incidence is easily seen to be symmetric. 

4.3. Lemma. Distinct pairwise incident classes Fi, . . . , F^ G B form am — 1 
simplex a iff after reordering there exist representatives [Mj] = Fj so that 

(4.3.1) zMm = Mo C Ml C M2 • • • C M^. 

Proof [Mu, 1.1]. □ 

Note that we can rescale so that any Mj in the simplex is in the position 

of Mm. _ 

The affine Tits building B (Z B is the full subcomplex of equivalence classes 
of lattices, i.e. free submodules of rank r (full subcomplex means that a sub- 
set of B forms a simplex iff it does in B). As a set, B = PGLr(-fC) / PGLr(i?*). 

4.4. Stars. Recall that the Star of a simplex a in a simplicial complex C 
is a subcomplex 

Starve = IJ a'. 

aCda' 

Notice that if r C 9(7 then Starg- is canonically a subcomplex of Star^. 
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4.5. Lemma. For any lattice [A] G B, there exists a canonical isomorphism 

StarA^- Gr(A), 
where A = A/zA. More generally, for any simplex a (4.3.1) in B, 

Star^ B ~ Gr{Mrn/Mra-i) * ... * Gr(Mi/Mo), 
where * denotes the join of simplicial com,plexes. 

Proof. Indeed, lattices between zA and A are obviously in incidence preserv- 
ing bijection with subspaces of A. Similarly, lattices that fit in the flag a 
correspond bijectively to subspaces in one of Mi/Mi^i. □ 

It is probably worth mentioning that for any simplex a of Gr(V) as in 
(4.2.1), Star^ Gi{V) = Gi{Um/Um-i) * ... * Gr(C/i/f/o). 

4.6. Retractions. For a lattice A, and a non-trivial subset Q cVk (e.g. an 
i?-submodule or an element) we can find unique a > so that z"'Q C A, 
z"-Q zA. We define 6^ := ^"6 C A. We denote 

i?A : B — > StarA B 

the map that sends a submodule M to -|- zA. 

4.7. Lemma. i?A is a retraction map of simplicial complexes. 

Proof. It's clear the map preserves incidence and is identity on StarA B. □ 
More generally, for any simplex (4.3.1) in B there is a retraction 

Ra-.B^ Star^ B 

defined as follows: i?o-(M) = M^'' + Aj, where i is maximal such that 
jVf Afc ^ "vVe denote by Rcsa and Res^ compositions of Ra and Ra with 
isomorphisms of (4.5). 

4.8. Convex structure. A subset of B is caUed convex if it is closed 
under finite i?-module sums. For a collection of free -R-submodules {Mq,} 
their convex hull in B, denoted [Ma] is the subcomplex with vertices (with 
representatives) of form ^CaM^, G K. This is obviously the smallest 
convex subset that contains all the [Ma]- 

A subset of Gr(y) is called convex if it is closed under finite sums (of 
subspaces). We write [Ua] for the convex hull of subspaces {Ua} C Gi(V). 

It is clear that stars of simplices in B and Gr{V) are convex and that 
isomorphisms (4.5) preserve the convex structure. 

4.9. Example. For T = {gi,...,gr} a basis of Vk, the convex hull [T] is 
called an apartment. It is the set of equivalence classes [M] such that M 
has an i2-basis ci^i, . . . , CrQr for some q € K. 

Retractions commute with convex hulls: 

4.10. Proposition. Let {Ma} C B be a subset and a C B a simplex. Then 

[R^Ma] = RAMa]- 

If c C [Ma] then both sides are also equal to Star^ [Mq,]. 

Proof. We leave it as an exercise to the reader. □ 
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4.11. Lemma ([Fa]). The convex hull of a finite subset of B is finite. 

4.12. Membrane. Let 

T:= {Rfi,...,Rfn} 

be a collection of n rank 1 submodules, such that [fi, ■ ■ ■ , fn] = Vk- The 
convex hull [T] C B we call the membrane. 

4.13. Lemma. [J^] is the union of apartments [T] for subsets T C \T\ = r. 
Proof. This is immediate from the definitions, and Nakayama's lemma. □ 

4.14. Membranes as tropical SUBSPACES. We begin by recalling the 
construction of the tropical variety (also called a non- Archimedean amoeba 
or a Bieri-Groves set), see [SS] for details. Let H = be an algebraic 
torus. Let K be the field of generalized Puiseaux series c^z"^, where 

aG/CM 

/ is a locally finite subset of M, bounded below (and is allowed to vary with 
the series). There is an evaluation map 

ord : H(K) H(K)/H(R) = W 

where R d K \s the subring of series for which / C M>o. For any subvariety 
Z G H, oid{Z) is called the tropicalisation of Z. It is a polyhedral complex 
of dimension dim Z. If Z is invariant under dilations then ord(Z) is invariant 
under diagonal translations and we consider 

Ord(Z) = ord(Z) mod M(l,...,l). 

Let := {Rfi, . . . , Rfn} be as in (4.12). Consider the map 

^•.V^^K-, F^(F(/i),...,F(/„)), 

Let Z = $(V^) n H. Then Z is of course the intersection with H of the 
r-plane spanned by the rows of the r x n matrix with columns given by /j's. 
Its tropicalisation Ord(Z) C M"^^ is called a tropical projective subspace. 

For any simplicial complex C, we denote by |C| the corresponding topo- 
logical space (obtained by gluing physical simplicies). Recall that \B\ can 
be identified with the space of equivalence classes of additive norms on Vk, 
where an additive norm is a map Vk{K) ^ M U {oo} such that 

N{cv) = ord(c) + N{v) for any cd K, v e VxiK), 

N{u + v) >mm{N{u),N{v)) for any u,veVK{K), 

and 

N{u) = oo iff u = 0. 

Two additive norms axe equivalent if they differ by a constant. For a norm 
N let *(iV) = {N{fi), N{fn)) e M". Now consider 

*:|e|^R''~\ *([Ar]) = *(iV) modM(l, ...,1). 

The map is continuous because the topology on \B\ is exactly the topology 
of point- wise convergence of norms. The following theorem is our version of 
the tropical Gelfand-Macpherson transform. 

4.15. Theorem. ^ induces a homeomorphism \[J^]\ ~ Ord(Z). 
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Proof. Let Q be the Drinfeld's symmetric domain - the complement to the 
union of all iT-rational hyperplanes in V^{K). There is a surjection [Dr] 

D:n^\B\, F ^ [v ^ ovd F{v)] foTveVK{K), 

here we interpret |5| as the set of equivalence classes of norms. The following 
diagram is obviously commutative: 

n \B\ 

H(K) ^ R"-i 

It follows that Im(^') C Ord(Z). 
For any lattice A B, the corresponding norm N\ is as follows: 

Na{v) = {-a \z%eA\ zA} G Z. 

In particular, ^'(S) C Z"~^. Also, it follows easily from definitions that * 
is afHne on simplicies of \B\ and uniformly continuous. Since Ord(Z) is a 
polyhedral complex, it remains to check that for any Q-point of Ord(Z), 
there exists a unique Q-point of |[^]| that maps onto it (a Q-point of \B\ 
means a point of some simplex with rational barycentric coordinates) . Now 
we can pass from K to Puiseaux series A;[[2;^/™]] with sufficiently large m 
(this does not change neither Ord(Z) nor \[J-]\, see also (6.4) for another 
version of this baricentric trick) and it remains to check the latter statement 
for Z-points. Substituting /j's by z^'/j's, we can assume that this point 
is O = (0, . . . ,0). Now we claim that if O G ord(Z) then *(A) = O for 
[A] G [T] if and only if A = + . . . + Rfn- 

Suppose ^{Rfi + ... + Rfn) ^ O, i.e. fj G z{Rfi + ... + Rfn) for some j. 
By Nakayama's lemma, we can assume without loss of generality that Rfi + 
... + Rfn = Rfi + ... + Rfr- Therefore, fj G ziRfi + ... + Rfr). But then 
for any F G V^(K), if ord F{fi) = for i < r then ord F{fj) > 0. But this 
contradicts O G ord(Z). 

Now take any lattice A = Rz^^ fi + . . . + Rz'^"fn- We can assume without 
loss of generality that A = + • • • + Rz'^'-fr- Let ^'(A) = O. Then 

fi £ A for any i, therefore, A = Rfi + . . . + Rfn- D 

4.16. A GENERALIZATION OF THE VISIBLE CONTOUR FAMILY. Let 

H = G';^\K) CF'^-^K). 
Start with any subvariety Z C H. Consider the point 

[Z] G Hilbpn-l(K). 

Assume for simplicity that no element of H preserves Z. We consider the 
orbit closure H ■ [Z] C Hilbpn-i (i^), a toric variety for H, which gives us a 
i^-point 



H-[Z] G Hilb(Hilbpn-i), 

which we can think of as a one parameter family of toric varieties over k. 
We can then let z approach zero and degenerate the toric varieties to a 
broken toric variety in Hilbpn-i. Note if we start with Z a general r — 1 
plane, then Z C Z is the complement of n general hyperplanes in P''"^, 
the corresponding component of Hilbpn-i is G{r,n), and the degeneration 
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takes place in Kapranov's family of broken toric varieties, T —y G{r,n) / / H 
of (2.12). The visible contour family also generalizes: Since Z C H we can 
embed Z in H ■ [Z] hy t ^ ■ [Z], so the image has the strange expression 
Z~^ ■ [Z]. We can then consider 

Note Z^^ ■ [Z] C Hilbpn-i is precisely the set of points which (thought of as 
subschcmes of P"^-*^) contain the point (1, . . . , 1), so in the case of a general 
linear space Z this is precisely Kapranov's visible contour, (2.13). 

In the linear case the broken toric variety is described by a matroid decom- 
position of A(r, n) which reflects the combinatorics of the simplicial complex 
[!F] and so by (4.15), of the tropical variety Ord(Z). It is natural to wonder 
if this holds in general. 

§5. Deligne Schemes 

For convex 

Stab C F C 

and p : E>Y Spec(i?) the Deligne scheme, we have by (5.26) the natural 
vector bundle rip(logB), see §9. 

5.1. Now we turn to the proofs of (1.9) and (1.21)-(1.24). We follow the 

notation of the introduction and §4. Here we prove the pair (Sy, Sy +IB) of 
(1.9) has normal crossings, (5.26). Global generation is considered in §6. 

5.2. Deligne Functor [Fa]. Let y C be a finite set. A Deligne functor 
E>Y is a functor from i?-schemes to sets, a T- valued point q of which consists 
of a collection of equivalence classes of line bundle quotients 

QM ■■ Mt L{Mt) 

for each lattice [M] G Y, where Mt ■= T M, where two quotients 
are equivalent if they have the same kernel, satisfying the compatibility 
requirements: 

• For each inclusion i : N ^ M, there is a commutative diagram 

Nt L{Nt) 

It 

Mt L{Mt) 

• Multiplication by c G K* gives an isomorphism 

kergM — ^ ker^cM 
It is clear from this definition that Sy is represented by a closed subscheme 

SyC n V{M), 

{M]& 

(Sy)x = V{Vk), and Sy contains the Mustafin's join (1.8). 

5.3. Theorem [Fa]. Assume Y is finite and convex. Then Sy is smooth 
and irreducible (in particular it is isomorphic to the Mustafin's join). Its 
special fiber Sy = (Sy)fe has normal crossings. 



G Hilb(Hilbpn-l) 
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We begin by explaining Faltings' proof of (5.3), recalling and expanding 
upon the three paragraphs of [Fa, pg. 167]. This is the substance of (5.4)- 

(5.21) . For this y C is an arbitrary finite convex subset. Beginning with 

(5.22) our treatment diverges from [Fa]. We specialize to convex subsets 
Y C [T] as in (1.9) and consider singularities of the natural boundary. 

5.4. Maximal Lattices [Fa]. Consider a fc-point of Sy, i.e. a compatible 
family of one dimensional A;-vector space quotients 

qM--M^L(M), [M]eY, 

where 

M = M/zM = M ®Rk. 
This gives a partial order on Y: [N] <q [M] iff the composition 

]V = iV^ -> M ^ L(M) 

induced by inclusion C M is surjective, and thus by compatibility, 
canonically identified with gjv- In this case we also say that qm does not 
vanish on N . 

A lattice [M] E y is called maximal for q if it is maximal with respect to 
the order <q. In other words, qn vanishes on M for any [N\ G Y , [N\ ^ [M]. 
Since Y is finite, it follows that for each [A'"] G Y there exists a maximal 
lattice [M] G Y such that [N] <q [M]. 

5.5. Lemma [Fa]. Maximal lattices are pairwise incident. 

It follows by (4.3) that maximal lattices form a simplex a (4.3.1). 

5.6. Corollary. A k-point of Sy with a simplex of maximal lattices a is 
equivalent to a collection of hyperplanes 

HiCMi/Mi_i, m>i>l, 

which do not contain ReSo-[M] for any [M] G Y. 

Proof. Choose a A;-point q of Sy with a simplex of maximal lattices a. Let 
[M] G y and let i be such that ReSa[M] G Gr(Mj/Mi_i). Rotating Mj's 
if necessary, we can assume that i = 1. Let Mi be a maximal lattice such 
that [M] <q [Mi]. Then does not vanish on M, and therefore does not 
vanish on Mi. But Mi is maximal, so i = 1. It follows that hyperplanes 
Hi = {keTqMi)/Mi_i don't contain ReSa[M] for any [M] G Y. And it is 
clear that these hyperplanes determine q. □ 

5.7. Definition. Let [M] g Y. We let V(M) c Sy be the subfunctor of 
compatible quotients such that for each [N] ^ Y, N = , the quotient 

qN : Nt ^ L{Nt) vanishes on (A^ n zM)t C Nt. 

It's clear V{M) is represented by a closed subscheme of Sy. 

5.8. Lemma. The k-points of V{M) C Sy are precisely the set of k-points 

of Sy for which M is a maximal lattice. 

Proof Consider a fc-point q of V(M). Suppose M C N, [N] G Y. Then 
jyM _ ^k]\f^ fQj. gQjQg k > 0. q^kj^ vanishes on z'^N fl zM, by the definition 
of V{M). So by compatibility of quotients with scaling gjv vanishes on 
N n z^~^M, which contains M. Thus M is a maximal lattice. 
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Conversely, suppose M is maximal for a fc-point q. Take [N\ G Y such that 
N = . By maximality Qz-'^n+m vanishes on M, thus by compatibility, 
Qn+zM vanishes on zM, thus, again by compatibility, qn vanishes on NHzM. 
So the point lies in V(M). □ 

5.9. Definition. Let F be a finite-dimensional fc-vector space, and let 
W C Gi{V) be a finite convex collection of subspaces that includes V. 
Let BL{V{V),yV) be the functor from A;-schemes to sets which assigns to 
each T the collection of line bundle quotients Wt L{Wt), W € W, Wt 
the pullback, compatible with the inclusion maps between the W, i.e. the 
composition 

Aj" — > Bx — ~ — ^ L{Bx) 
factors through qa: At ^ L{At) for Ad B, A,B eW. 

5.10. Proposition. There is a canonical identification 

P(M) = BL{V(M),ResMiY)). 
Proof. Immediate from the definitions. □ 

5.11. Proposition. BL{V{V),W) is represented by the closure of the graph 
of the product of canonical rational maps V{V) --■ > V{W), W G W. Fur- 
thermore BL{'P{V),W) is smooth. 

Proof. We induct on the number of subspaces in W. When W = {V} the 
result is obvious. In any case it is clear the functor is represented by a 
certain closed subscheme 

XC JJ V{W). 

wew 

Let 'P^{V) C ^{V) be an open subset of quotients that don't vanish on any 
W C W. Then V^{V) is an open subset of X, its closure X' in X is the 
closure of the graph in the statement. 

Take a fixed closed point q^. We will show that X = X' near q^. Let 
W & W he a maximal subspace such that qy vanishes on W. If there are 
none then q° G ^^^{V) and so X = X' near q^. 

Let D C X he the subscheme of compatible quotients so that qy vanishes 
on W, let C I? be a sufficiently small neighbourhood of q^. Let Ww C 
W he those subspaces contained in W, clearly Ww is convex. Take any 
E e W and q e D^. If E ^ V^w, then qy (and hence qy) does not vanish 
on E, from which it follows that E — > L(V) is surjective, and thus identified 
with qE- It follows easily that is represented by an open subset of 
BL{V{W),Ww) X 'P{V/W). In particular, by induction, is connected 
and smooth of dimension dim V — 2. 

Claim: C X' . As is integral it's enough to check this on some 
open subset of . We consider the open subset where qw does not vanish 
on any E G Ww^ and qy does not vanish on any E Ww- This is naturally 
identified with an open subset for W = {F, H^}, and so we reduce to this 
case. But in this case it is easy to see that X = X' \s the blowup of V{y) 
along V{V/W) and so obviously C X' . 

By the Claim X has dimension at least dimF — 1 along D^. D d X \s 
locally principal, defined by the vanishing of a map between the universal 
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quotient line bundles for W and V. It follows from (5.12) below that X is 
smooth, and equal to X' along □ 

The following is well known: 

5.12. Lemma. Let (A, m) be a local Noetherian ring of Krull dimension at 
least d. Assume A/ f is regular of dimension at most d—1 for f E m. Then 
A is regular of dimension d. 

Proof. 

dimm/m^ < 1 + dim m/(m^ + /) = 1 + dimA/f = d < dim^ < dimm/m^. 

□ 

5.13. Definition. Define the depth of W G W to be the largest d > so 
that there is a proper flag 

W = Wo CWi-- - cWd = V 

with Wi € W. Let W<m C W be the subset of subspaces of depth at 
most m. Let Wm C W<m be the subset of subspaces of depth exactly m. 

Notice that BL{V{V),m) = V{V) and BL(P(y), W<7v) = BL(P(y),>V) 
for A'^ S> 0. Thus the next proposition shows that the canonical map 
BL(P(F),W) -^Viy) is an iterated blowup along smooth centers. 

5.14. Proposition. A forgetful functor 

(5.14.1) p ■ BL(P(F), W<m+i) ^ BL(P(F), W<m) 

is represented by the blowup along the union of the strict transforms of 
Viy/W) C V{V) for W S Wm+i (which are pairwise disjoint). 

Proof. Let W € Wm+i- We claim that the strict transform of ViV/W) rep- 
resents the subfunctor Xw of BL(7^(y), W<m) of compatible quotients such 
that qE vanishes on E f^W for all E G W<m- This subfunctor is naturally 
identified with BL(P(y/T^), W^„), where is the (obviously convex) 

collection of subspaces {E + W)/W C VlW~ioi: E G W<m- By (5.11), it 
is smooth and connected, and thus the strict transform. For disjointness: if 
W, W" G Wm+i then W := W + W" G Wk^ and it is not possible for 
to vanish both on W' and on W" , thus the strict transforms are disjoint. 

The map (5.14.1) is obviously an isomorphism outside the union of sub- 
functors Xw- Take W G Wm+i- The inverse image 

p-\Xw) <zBL{V{V),W<m+i) 

is naturally identified with V{W) x BL(P(1//VF), W^). In particular by 
(5.11) it is a smooth connected Cartier divisor. It follows that the excep- 
tional locus oip is the disjoint union of these divisors. Thus p factors through 
the proscribed blowup, and the induced map to the blowup will have no ex- 
ceptional divisors and is thus an isomorphism (as domain and image are 
smooth). □ 

5.15. Definition. For a subset a C F, consider the intersection 

f{a) ■= Pi P(M) c Sy. 
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5.16. Proposition. 'P(a) is non-empty iff a is a simplex (4.3.1). Consider 
the convex subsetKeSa{Y), a collection of convex subsets Wi C Gr(Mj/Mj_i). 
There is a canonical identification 

V{a)= II BL{V{Mi/Mi_i),Wi)=:BL{r{a),Res^Y). 

m>i>l 

Proof. By (5.8) the A;-points of the intersection are exactly those for which 
all M £ a are maximal. Thus if it is non-empty, a is a simplex by (5.4). 
The expression for the intersection is immediate from the definition of Res 
(see (4.6)), and the functorial definitions of V{M) and BL. □ 

5.17. Remark. Observe by (5.10)-(5.16) that the special fibre Sy has nor- 
mal crossings. Moreover it can be canonically defined purely in terms of the 
subcomplex Y (Z B. Indeed by (5.10) its irreducible components and their 
intersections are encoded by the BL(7'(ct), ReS(j(i^)) for simplicies a dY, 
and by (4.10) we have canonical identifications 

Resa Y = Star^ Y C Starj^ B = Starg^Gr(A^). 

5.18. Definition. Let a C y be a simplex. Let U{a) C Sy be the open 
subset whose complement is the closed subset of the special fibre given by 
the union of V(N), [N]eY\ a. 

5.19. Lemma. U{a) is the union of the generic fibre together with the open 
subset of the special fibre consisting of all k-points whose simplex of maximal 
lattices (5.4) is contained in a. It represents the following subfunctor: Let a 
be the simplex (4.3.1). For [M] G Y choose minimxil i so that M^"^ C Mj. 
A T -point of Sy is a point of U (a) iff' the composition 

Mt ^ {Mi)T ^ L{{Mi)T) 
is surjective for all [M] £ Y . 

Proof. Immediate from (5.8) and the definitions. □ 

Note by (5.4) that the U{(j) for a (ZY give an open cover of Sy. Falt- 
ings proves U{a) is non-singular, and semi-stable over Spec(i?), by writing 
down explicit local equations, [Fa, pg 167]. This can also be seen from the 
following: 

5.20. Proposition. LetadY be the simplex (4.3.1). Let U C V{Mm) be 
the open subset of quotients L such that N^"^ L is surjective for 
all [N]eY\ a. 

Let q : BL(P(M^),a) V{Mm) be the iterated blowup ofV{Mm) along 
the flag of subspaces of its special fibre 

r{Mm/Mm-l) C V{Mm/Mm-2) " " " C V{Mm/Mi) C V{M^/Mq) = ViX) 

i. e. blowup first the subspace 

r{Mm/Mm-l) C P(M;;) C P{Mm) 

then the strict transform ofV{Mm/Mm-2) etc. There is a natural isomor- 
phism 

U{a)^q-\U). 
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5.21. Remark. When a = [M], (5.20) is immediate from (5.19). As this is 
the only case of (5.20) that we will need, we omit the proof, which in any 
case is analogous to (and simpler than) that of (5.11) and (5.14). (5.20) can 
also be deduced from the claim on [Fa, pg 168] that for any [N] G Y the 
natural map §y V{N) is a composition of blowups with smooth centers 
(which Faltings describes). 

Now fix as in (1.6.1). 

5.22. Lemma. Let Z G N be a subset with \Z\ = r + 1. There is a unique 
stable lattice [Az] € such that the limits are generic (i.e. any r of 
them is an R-basis). In particular, there are finitely many stable lattices and 
Stab is finite. If we reorder so that Z = {0,1, . . . ,r} and express 

fo = + • . . Z^'^Prfr 

with tti e Z, Pi e R* , then Az = Rz"-^ fi + ... Rz""- fr. 

Proof. It's clear that for Kz as given, the limits are in general position, 
so Kz is stable. 

For uniqueness, assume the limits arc in general position. Then f-^, 
r > i > 1 are an i?-basis of A. Define bi G Z by z*^"- fi = /A. Scaling A we 
may assume bi > ai, with equality for some r > i > 1. Thus fo = f^. Then 
bi = Ui, for all i, for otherwise f^ will be in the span of some proper subset 
of the f},r>i>\. So A = Kz. □ 

5.23. Notation. For a subset / C A?" let C Vk be the vector subspace 
spanned by fi,i G I, and let := V/Vj. For each lattice M CV, let 

be its image in , i.e. := M/M n Vj. 

Let Y C [J-] be a finite convex collection, containing Stab. One checks 
immediately that the collection of equivalence classes 

■■= m%M]eY 

is convex. 

5.24. Definition-Lemma. Let Bj c Sy be the subfunctor of compatible 
quotients such that qM vanishes on f^ for all [M\ G Y . 

Then Bj is the Deligne scheme for Y^^^ . Bj C Sy is non-singular and is 
the closure of the hyperplane on the generic fibre 

{fi = 0} C V{Vk) C Sy. 

Proof. Clearly MnVj = fl^R, so its clear B^ = Sy{i} . The rest now follows 
from (5.3). □ 

5.25. Proposition. Let [M] g [F] be a maximal lattice for a k point of 

n^e/Bi C Sy. 

Then the limits f^,i G / are independent over R, i.e. they generate an R 
direct summand of M of rank \I\. 

Proof. We consider the corresponding simplex of maximal lattices 
zM = MqC Ml-- - C Mm = M. 
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For each m > s > 1, let C / be those i so that ff' G \ Mg-i- Clearly 
it is enough to show that the images of //^, z G 7^, in Mg/Mg-i are linearly 
independent. By scaling (which allows us to move any of the Mj to the Mi 
position) it is enough to consider s = 1, and show that the images of fi, 
i E Ii are linearly independent in M/zM. Suppose not. Choose a minimal 
set whose images are linearly dependent, which after reordering we may 
assume are fo, fi, ■ ■ ■ , fp- Further reordering we may assume 

fM fM fM 
Jl ) J2 : ■ ■ ■ 1 Jr 

arc an i?-basis of M, or equivalently, their images given a basis of M/zM. 
Renaming the fi we can assume ff^ = fi. Now consider the unique expres- 
sion 

r 

(5.25.1) fo = Y.^"'Pifi 

i=l 

with Qi e Z, Pi e R* . By construction > 0. Since the images of /o, . . . , fp 
in M/zM are a minimal linearly dependent set, it follows that > 1 for 
i > p, and = for p > i > 1. Now let 

A := + . . . Rfp + Rz'^v+^fp+i + ... Rz'^'-fr. 

Note f^^^ = /i for p > i > 0, so by assumption qm^ vanishes on these fi. 
z"-*ft G zMk = Mo C Ml for t > p + 1. Thus by (5.2), qm^ vanishes on 
these z°'^ft. Thus vanishes on A. But by equation (5.25.1) and (5.22), 
A is stable. In particular [A] G Y. Clearly A C Mi, but A ^ Mq. So the 
vanishing of qmAa violates (5.4). □ 

5.26. Theorem. Let Y C [J-'] be a finite convex set containing all the stable 
lattices. 

For any subset I C N, the scheme theoretic intersection 

P|Bi CSy 

is non-singular and (empty or) codimension \I\ and represents the Deligne 
functor Syj . The divisor Sy + B C Sy has normal crossings. 

Proof. By (5.3) it's enough to show the intersection represents the Deligne 
functor. 

Let I be the intersection. It is obvious from the definitions and (5.24) 
that I represents the subfunctor of Sy of compatible quotients qm which 
vanish on //^, i G M, while Syi is the subfunctor where qm vanishes on 
M n Vf. Since fl^ eMnVj, clearly 

Syl CT 

is a closed subscheme. Since by (5.3), Sy/ is flat over R, it's enough to show 
that they have the same special fibres. And so it is enough to show the 
subfunctors agree on T = Spec(5) for B a local k = R/zR algebra, with 
residue field k. By maximal for such a T-point, we mean maximal for the 
closed point. We take a family of compatible quotients vanishing on all //^ 
and show they actually vanish on V/ fl M. By (5.4) it's enough to consider 
maximal M. But by (5.25) //^, i e I are independent over R, so in fact 
they give an i?-basis of Vj fl M. □ 
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§6. Global Generation 
Here we complete the proof of (1.9). 

6.1. Bubbling. We choose an increasing sequence of finite convex subsets 
Yi C B whose union is the membrane [J-] - the existence for example follows 
from (4.11). We assume Stab C Yi. We have the natural forgetful maps 

Pi J : Ey, Sy, , i>j- 

By (5.26), we have the vector bundle Qp{logM) on Sy-, see §9. 

6.2. Proposition. Given a closed point x € Sy^. for all i sufficiently large 
there is a closed point y G Sy- \ B so that Pij{y) = x: 




Proof. Say x lies on 'Py^(M), [M] € Yj. Choose i sufficiently big so that 

[M + z-^f^'R] G Y, 

for ah / G J^. Clearly pij{VY,(M)) = Vy^(M). It remains to show that 
Vyj(M) is disjoint from B C Sy^.. Suppose that q £ Vyj(M) n B^.. Let 
N = M+z-^f^^R. Clearly z'^f^ = f^, so by definition of Bfc, qn vanishes 
on z~^f^^. But vanishes on M by definition of a maximal lattice. So 
qn = 0, a contradiction. □ 

6.3. Barycentric Subdivision Trick. Next we introduce a convenient 
operation: Let R' = k[[z^^"^]] and Spec(i?') Spec(i?) the associated finite 
map. Let be a collection of lattices in Vk, and Y their convex hull. Let 

:= My f^n R', and let Y' be their convex hull. 

6.4. Proposition. There is a commutative diagram 

Sy — - — > Sy 



p' p 
Spec{R') > Spec(i?) 
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with all arrows proper. If m > r then given a k-point y € Sy there is 
a k-point y' E §y/ in its inverse image that lies on a unique irreducible 
component of the special fibre Sy ■ 



Proof. For any i?-object X, we denote by X' the base change to R'. It is 
clear that Sy represents the functor Sy defined as in (5.3) but for the non- 
convex collection Y = {M' \ M G Y}. Since Y C Y', there is a forgetful 
map Sy — > Sy sending compatible collections of quotients to compatible 
collections. This implies the commutative diagram above. 

Now let m > r, u; = z^/™, and let y G Sy be a /c-point with the simplex 
of maximal lattices 

a = {Mo = zMk C Ml C . . . C M^}. 

By (5.6), y is determined by a collection of hyperplanes Hi C Mi/Mi-i 
which do not contain any ReSo- M for M £Y. Let N be the R' lattice 

N = M[+ LoM^ + w^M^ + . . . + uj'^-^Ml^. 

Observe: w'M^ C ojN, k > i > 0. (M^ = w^-^w'^M^ and for /c > the 
inclusion is clear). Thus we have a map 

(6.4.1) Ml/MU N/uN. 

i=l 

(6.4.1) is clearly surjective, thus it is an isomorphism, as domain and range 
are r-dimensional /c- vector spaces. By the injectivity of the map we have 

(6.4.2) uj'-^M'^riujN = uj''^Mi_i. 

Now let y' € V{N/zN) be given by any hyperplane H' C N/zN which 
restricts to Hi on Mi/Mi^i under (6.4.1). Its enough to show y' G U{[N]) 
for then clearly y' is send to y and N is the only maximal lattice of y' (or 
equivalently, by (5.8), y' lies on a unique irreducible component of the special 
fibre Sy')- By (5.6) it's enough to show H' does not contain Res[7v][A] for 
[A] G y, and by (4.10) its enough to check this for [A] = [M'], [M] E Y. 

We can assume M = M*^*, M C M^, M {Z! Mi_i. Then Res<^[M] = 
(M + Mi)/Mi_i and it follows from (6.4.2) that (M')^ = tu^-^M' thus we 



(•u;*-i)(Res,[M]) = Res[^][M']. 
by (6.4.1). Thus H' does not contain Resj^v] since Hi ~f> ReSo-[M]. □ 
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6.5. Theorem. Under the natural maps pij : Sy. —>■ Sy^. for j < i, there is 
an induced isomorphism of vector bundles 

p*,(J7],(logB))^n^(logB). 

Furthermore the global sections 

dlog(//5), f.g^J" 

generate Op(logB) globally. In particular a;p(B) is globally generated. 

Proof. Since the sections are pulled back from Sy^ , the last remark will imply 
the first. Furthermore, to prove the given sections generate at some point 
y G §y. , it is enough to prove they generate at some inverse image point 
on Sy.. Thus by (6.2) it's enough to prove they generate at a point y £ Si\M. 
By (6.4), we have the proper (generically finite) map 

Sy/ — > Sy. . 

Clearly the dlog{f/g) puUback to the analogous forms on the domain, so by 
(6.4) we may assume y has a unique maximal lattice M. Now by (5.21) the 
natural map 

Sy, ^ V{M) 

is an isomorphism of y € U{[M]) onto an open subset of V{M) which misses 
all of the hyperplanes 

/f = 0. 

Note J-^ contains an ii-basis of M. Reordering, say r > k > 1 give 
such a basis. Then it's enough to show the (regular) forms 

dlog(/f//f),r>fc>2 

give trivialisation of the ordinary cotangent bundle over the open set in 
question, which is obvious. □ 

6.6. Minimal Model. By (6.5) the line bundle Wp(B) is globally generated. 
We consider the p-relative minimal model, tt : Sy — > S, i.e. 

(6.6.1) S:=Proj0p,(a;p(B)®™). 

m 

Note by (6.5) that S is independent of Y. Let 7r*(Bj) =: Bj C S. 

6.7. Theorem. Let Spec(i?) X{r,n) be the unique extension of the map 
which sends the generic fibre to 

[P'-S Li + . . . L„] eF^{r,n)/PGLr = X{r,n) cX{r,n). 

The pullback of the universal visible contour family {S,B), (2.14) is (S,B). 

Proof. By (6.5) we have a natural surjection 

inducing a regular map Sy — >■ G{r — l,n — 1), which on the general fibre 
is Kapranov's visible contour embedding of P**^^ given by the bundle of log 
forms with poles on the n general hyperplanes. This induces a regular map 
Sy — > <S where S Spec(i?) is the pullback of the visible contour family, 
(2.14). a;p(B) is pulled back from a relatively very ample line bundle (the 
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Pliicker polarisation) on S, by (2.19). Thus Sy ^ <S factors through a finite 
map 

The map is birational, an isomorphism on the generic fibre. By (2.15), <S is 
normal. Thus it is an isomorphism. □ 

§7. Bubble Space 

7.1. Here we prove (1.23). In §6 we choose finite convex Y C [J-"] containing 
Stab. Though there is a canonical choice, namely the convex hull of Stab, 
more esthetic is to take the infinite set [J^] . Let Yi be an increasing sequence 
of finite convex subsets, containing Stab, with union Call Yi full along 
the simplex o" C li if Starjj^fj Yi = Starjj^f] [.F] for all [M] G a. It's clear that 
if Yi is full along a, so is Yj for j > i. Let Ui C Yi be the union of all Uviicr) 
such that Yi is full along a. The next lemma shows that we may view Ui as 
an increasing sequence of open sets. We define § = Uj?7j. 

7.2. Lemma. If Yi is full along a then pJi^iUviicr)) C Uvjicr). Moreover, 
pJ-^{Ui) C Uj, and the map pJ^{Ui) Ui is an isomorphism. 

Proof. Assume that Yi is full along a. Take x G pJi^iUy^ (o")) and a maximal 
lattice [N] G Yj for x. Maximal lattices form a simplex, so [A''] is adjacent 
to a lattice in a and therefore [A^] G Yi because Yi is full along a. Now it's 
clear [N] is maximal for Pji{x), so [N] G a. Thus x G t^y.((7) C U. 

To show that p~i{Ui) —>■ Ui is an isomorphism it suffices to check that 
p~j^(?7y. ((t)) ?7y. ((t) is an isomorphism for any a C Yj. This map is is 
proper and birational, and domain and range are non-singular, so to show it 
is an isomorphism, it's enough to check there are no-exceptional divisors, and 
so to check that each irreducible component of the special fibre of the domain 
maps onto an irreducible component of the special fibre for the image. These 
components are the (appropriate open subsets of the) Vyj (M), [M] G a, and 
its obvious that Vyj (M) Py. (M). □ 

7.3. Theorem. § is non-singular, and locally of finite type. Its special fibre, 

Soci, has smooth projective irreducible components and normal crossings. Let 
Mi C §> be the hyperplane fi = Oof the generic fibre. Bj C § is closed and 
disjoint from Soo ■ B = ^ Bj has normal crossings. In particular there is 
a natural vector bundle J7g^^(logB) whose determinant is LOg/ji{M). The 
bundle is globally generated. 

There are natural surjective maps pi : S ^ §y. for all i, and natural 
isomorphisms 

pri(Oi(logB)) = f^i/^(logB) 
H'^{§Y,,nl^/n{logM)) ^ i/0(§,Oi/^(logB)). 
The differential forms dlog{f/g), f,g £ define a natural inclusion 

VnCH''{Soo,nlj. 

The sections generate the bundle. The associate map Soo G{r — l,n — 1) 
factors through Sy- for all i, and its image is the special fibre of the pullback 
of the family S X(r, n) for the map Spec(i?) X / /H given by T . 
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Proof. Arguing as in (6.2), one can show that the special fibre of Ui — >■ 
Spec(i?) is disjoint from B C S^.. It follows that is disjoint from B. 

Wc check that § Sy. is surjective for all i. The rest then follows easily 
from (6.5) and (6.7). Take [M] G Yi. It's clear from the definitions that 
V{M) C Sy^ surjects onto V{M) C §y. for j > i. Moreover, there are only 
finitely many simplicies of [J^] that contain [M], by (4.7), and for j large 
Yj will contain them all, from which it follows that V{M) C Uj. Thus the 
image of S ^ will contain V{M). The union of the V{M) is the full 
special fibre so § ^ is surjective. □ 

7.4. The Deligne functor for [J^] is not represented by a scheme. However, 
S represents a natural subfunctor. In particular, S is independent on the 
choice of a sequence YJ: 

7.5. Theorem. S represents the subfunctor of the Deligne functor for [J^] 
a T-valued point of which is a collection of compatible quotients such that 
each k' -point of T admits a maximal lattice. 

Proof. Take a fc-point of C/j. By (7.2) any lattice [M] G 1^ maximal in 1^ for 
k will be maximal in [T] . It follows that Ui is a subfunctor of the functor in 
the statement, and thus S is a subfunctor. For the other direction its enough 
to consider T the spectrum of a local ring, with residue field k'. Consider 
a T-point of the subfunctor in the statement. Note that in the proof of 
(5.6) the only place finiteness of Y is used is to establish the existence of 
a maximal lattice which here we assume. So the k' point has a simplex of 
maximal lattices, a, satisfying (5.6). For i large, Yi will be full along a, and 
now it is clear that the quotients define a T-point of Ui, and thus of S. □ 

§8. Limit Variety 

8.1. The matroid decomposition corresponding to the fiber of the visible 
contour family can be readily obtained from the power series, as we now 
describe. From the matroid decomposition one can describe the fibre using 
[La, 5.3]. We assume the reader is familiar with the general theory of vari- 
ation of GIT quotient, VGIT. See e.g. [DH]. We note in particular that 
A{r,n) parameterizes PGLj.-ample line bundles on P(r, n) with non-empty 
semi-stable locus. 

8.2. Definition. Call a polarisation L G A{r,n) on P(r, n) generic if there 
are no strictly semi-stable points. 

8.3. For [M] G B, let Cm be the configuration of limiting hyperplanes 

{/^ = 0}cP(M), feJ' 

and let Pm C A(r, n) be the matroid polytope of Cm (see (3.2)). 

8.4. Lemma. If L ^ A(r, n) is a generic polarisation then there is a unique 
[M] G [J-] so that the configuration Cm is L-stable. [M] is GIT stable. 

Proof. Let Q be the GIT quotient of P(r, n) given by L. Q is a fine moduli 
space for L-stable configurations and carries a universal family, a smooth 
etale locally trivial P^~^ bundle. gives a if-point of Q, which extends 
uniquely to an i2-point. The pullback of the universal family will be trivial 
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over R (as R is Henselian), and so V{M) for some lattice M C Vk- It's clear 
the limit configuration (given by the image in Q of the closed point of R) is 
equal to Cm ■ As Cm has no automorphisms it follows that this configuration 
contains r hyperplanes in general position, and so [M\ € [J^]. The proof 
shows that if Cn,Cm are both L-stable, then the rational map V{N) 
V{M) is a regular isomorphism (cither is the puUback of the universal family 
over Q), which implies [N\ = [M\. Cm has trivial automorphism group, so 
the final remark holds by definition. □ 

8.5. Theorem. Let x G X{r,n) be the limit point for the one parameter 
family given by J^. Assume x belongs to a stratum given by the matroid 
decomposition P_. Then the maximal dimensional polytopes ofP are precisely 
the Pm for which Cm has no automorphisms, i.e. M is GIT-stable. 

Proof. By [Ka] and the theory of VGIT, the matroid decomposition is ob- 
tained as follows: GIT equivalence determines a polyhedral decomposition 
of A(r, n). Chambers (interiors of maximal dimensional polytopes in the de- 
composition) correspond to polarisations with no strictly semi-stable points. 
For each such chamber, there is a corresponding GIT quotient, which is a 
fine moduli space for configurations of hyperplanes stable for this polarisa- 
tion. The one parameter family has a unique limit in each such quotient, 
and in particular associated to each chamber we have a limiting configu- 
ration. Associated to the configuration is its matroid polytope, and the 
polytopes obtained in this way are precisely the facets of P. Now by (8.2), 
if L is a polarisation in a chamber, then the limiting configuration is Cmi^ 
for a unique [Ml] G [F]- Conversely, if we take [M\ G [T\ so that Cm has 
no automorphisms, the polytope Pm C A(r, n) is maximal dimensional, see 
[La, 1.11]. General L G Pm will be generic (in the sense of (8.2)) and it's 
clear that Cm is -L-stable, so M = Ml- □ 

8.6. Stratification. The membrane [J^] is by (4.13) a union of apart- 
ments. We have an apartment for each I C N, \I\ = r, and thus for each 
vertex of A(r, n). We stratify [JF] by apartments - with one stratum for 
each collection of verticies - those points which lie in these, but no other, 
apartments. It follows easily from (8.5) that the stratum is non-empty iff the 
collection are the verticies of some P G P, in which case the stratum consists 
of those [M] G [T] (or more generally, rational points of the realization, see 
(4.14)) with Pm = P- The dimension of the stratum is the codimension of 
the polytope P in A(r, n). We write [J^]*^ for the union of fc-strata. Note 
[J^]^ is precisely the union of GIT stable lattices. 

It is easy to describe the stratification in terms of the power series J^. Its 
enough to describe it in one apartment, say [fi, . . . , /,.]: 

For any ai, . . . , Cy, let S{ai, . . . , a^) be the stratification of [/i, . . . , fr] by 
cones spanned by rays Rq,. . . Rr where 

Ri = • • • , ^"^-Vi-l, • • • , ^"--/r] P> 0. 

8.7. Lemma. Let fi = pjz'^i fi -|- . . . -|- p'^z'^i fr for i = r + 1, . . . ,n, where 
pf & R*. Then the stratification of [fi, . . . , fr] is defined by intersections of 
the S{aj, . . . , o[), see the picture for r = 3. 



Proof. Immediate from the definitions 
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Now consider the limit pair {S,B). The irreducible components corre- 
spond to [J^Y', for [M] G [J^]^ the corresponding components is the log 
canonical model of V{M) \ C\^m] ~ the complement to the union of limiting 
hyperplanes. We note by [La, 5.3] that a collection of components have a 
common point of intersection iff the corresponding matroids have a common 
face, which is iff the points in [^j" all lie on the boundary of the correspond- 
ing stratum. In particular, if they have non-empty intersection, they all lie 
in a single apartment. 

8.8. Lines. Prom now on we assume that r = 3. 

8.9. Lemma. A configuration of lines in has trivial automorphism group 

iff it contains 4 lines in linear general position. A configuration has non- 
trivial automorphism group iff there is a point in the configuration which is 
in the complement of at most one of the lines. In this case the automorphism 
group is positive dimensional. 

Proof. This is easy linear algebra. □ 

8.10. Remark. By (8.9), stable is the same as GIT stable if r = 3. This 
fails in higher dimensions: the configuration of planes 

Xi =0, X2 = 0, X3 = 0, X4 = 0, Xi + X2 + X3 = 0, X2 + X3 + X4 = 

in is GIT stable but not stable. 

8.11. Lemma. Let C be a stable configuration of lines indexed by N. Let 
5 ^ P^ be the blowup of all points of multiplicity at least 3. Let B C S be 
the reduced inverse image of the lines, then Kg + B is ample and 

p2 \ C c 5 

is the log canonical compactification except in one case: If there are two 
points a,b & L on a line L of C such that any other line of C meets L in 
either a or b. In this case (the strict transform of) L C S is a {—l)-curve, 
and the blowdown is P^ x P^, 

p2 \ C c P^ X P^ 

is the log canonical model, with boundary a union of fibers for the two rulings. 
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We refer to this exceptional C3<SG clS cl special stable configuration: 




Proof. We induct on n. When n = 4 then S = F'^ and the result is obvious. 
So we assume n > 4. If the configuration is special, the result is clear, 
so we assume it is not. By (8.9) we can drop a line, M, so the resulting 
configuration C is stable. If C is special, with special line L, then since C 
is not special, it follow that if we instead drop L, the resulting configuration 
is stable, and non-special. So we may assume C is not special. Add primes 
to the notation to indicate analogous objects for C'. We have q : S ^ S' , 
the blowup along the points of M where C has multiplicity exactly 3 (note 
S' is an isomorphism around these points) . Thus 

Kg + B = q*{Kg,+B') + M 

(where we use the same symbol for a curve and for its strict transform). It's 
clear Kg + B is g-ample. As Kg, + B' is ample, the only curve on which 
Kg + B can have non-positive intersection is M. But (Kg + B) ■ M > hy 
adjunction, since C is not special. It follows that Kg + i? is ample. □ 

8.12. The Limit Surface. Now we describe the limit pair {S,B) pre- 
cisely. The irreducible components are smooth, and described by (8.11). 
We write Sm for the component corresponding to [M] G Stab. Unbounded 
1-strata - rays in some apartment, correspond to irreducible components of 
B, bounded 1-strata correpond to irreducible components of Sing(5). For 
each [M] e Stab, the 1-strata which bound [M] correspond to boundary 
components of Sm (components of the complement to P{M) \ Cm)- Sm 
and Sn have one dimensional intersection iff [M] , [N] is the boundary of a 
1-stratum, and in that case they are glued along the corresponding boundary 
component (a copy of P^). Triple points of S (points on three or more com- 
ponents) correspond to bounded 2-strata. The local analytic singularities of 
(S, B) arc described by the following: 

8.13. Theorem. Let p E S be a point where the pair {S,B) fails to have 
normal crossings. There are two possibilities for the germ of {S, B) in an 
analytic neighborhood p G Up: 

(8.13.1) Up = (ei,e2) U (62,63) U (63,64) C A^, 

B CiUp is the union of {ei) and (64), and these are components of a single 
Bi. 

(8.13.2) Up = (61, 62) U (62, 63) U . . . U (6„, 61) C A", 
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n = 3,4,5,6. 5nC/p = 0. 

Here ei, . . . , e„ are coordinate axes in A", and {■) is the linear span. 

Proof. It is simple to classify bounded 2-strata using (8.7). Then the glueing 
among components is described by [La, 5.3]. □ 

§9. The bundle of relative log differentials 

Here we recall a general construction which we will use at various points 
throughout the paper: 
Let 

n 

p:{S,B)^C, B = Y,B^, 

i=l 

be a pair of a non-singular variety with normal crossing divisor, semi-stable 
over the curve C, in a neighborhood of G C, i.e. {S, F + B) has normal 
crossings, where F is the fibre over 0. We assume the general fibre is projec- 
tive, but not necessarily the special fibre. We define the bundle of relative 
log differentials fip(log B) by the exact sequence 

(9.0.3) > ^c/ki^ogG) ^ 0^/^(logF + B) ^ 01 (log B) ^ 

AssTimc on the generic fibre S that the restrictions of the boundary com- 
ponents, Bi,Bj are linearly equivalent. Then we can choose a rational func- 
tion / on 5 so that 

(/) = Bi-Bj + E 

for E supported on F. Then dlog(/) gives a global section of r2^yj^.(log F+B). 
Note / is unique up to multiplication by a unit on C \ 0, and thus the image 
of dlog(/) in rip(logH), which we denote by d\og{Bi/Bj) is independent of 
/• 

^Prom now on we assume that for the general fibre i7°(5, O^) = 0. 
dlog{Bi/Bj) is now characterized as the unique section whose restriction 
to the general fibre has residue 1 along Bi, —1 along Bj and is regular off of 
Bi + Bj . 

In this way we obtain a canonical map 
(9.0.4) Vn^H'^iS^nlilogB)) 

{Vn the standard /^-representation of the symmetric group S'„) which is easily 
seen to be injective, e.g. by the description of the residues on the general 
fibre. 

The restriction 

(9.0.5) nl/,{logB):=nlilogB)\s 

for {S,B) the special fibre of {S,B), is canonically associated to (S,B), i.e. 
is independent of the smoothing. See e.g. [Fr, §3] or [KN] - these authors 
treat normal crossing varieties without boundary, but the theory extends to 
normal crossing pairs in an obvious way. Finally there is a canonical residue 
map (e.g induced via (9.0.3) by ordinary residues on <S) 



(9.0.6) 



Res ■.nl^/^{logB)\B,^ Ob, 
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together with (9.0.4) this gives a canonically spht inclusion 
(9.0.7) VnCH''{S,nl{logB)). 

9.1. Definition. Let {S,B) be a normal variety with boundary. Assume 
for an open subset i : U C S with complement of codimension at least two 
that U is non-singular and B\u has normal crossings. Define 

^l/ki^ogB) :=z,(J^^/^(log5|c;). 
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